Polynomial Linear System Solving I.IR\aM/M
with Errors
by Simultaneous Polynomial Reconstruction

of Interleaved Reed-Solomon Codes.

Ilaria Zappatore
a joint work with Eleonora Guerrini
LIRMM, Montpellier

Journées Nationales de Calcul Formel 2019
CIRM, Luminy.



Table of contents

1. Polynomial linear system solving
The evaluation/interpolation method
Polynomial linear system solving with errors

Generalization of BW decoding for Reed Solomon codes

2. Generalization of the decoding of interleaved RS codes
Interleaved Reed Solomon codes
Decoding interleaved RS codes

Our method

3. Experiments and conclusions



Polynomial linear system solving



Polynomial linear system

Fixed a finite field Fq, m > n > 1, we consider the problem of solving
a full rank consistent polynomial linear system

Gm(X) 01,2(X)
GZ’W(X) azﬁz(X)

am,;(x) Am2(X)

where,

an(X)\ [ya(x) b1(X)
az.n(X) V2 (X) B by (x)
amn()) 1)) \bmix)

- A(x) is a full rank m x n matrix whose entries are polynomials in

Fqlx],

- b(x) is an m-th vector of polynomials in Fy[x].



Polynomial linear system

Fixed a finite field Fq, m > n > 1, we consider the problem of solving
a full rank consistent polynomial linear system

A(x)y(x) = b(x)
There is a unique rational solution

Jﬂ((Xi
g(x
fa(x
) _ | o
X) =% =
Y09= 969 :

fo(x)

9(x)
where g(x) is the monic least common denominator and

GCD(f, g) = GCD(GCD;(f),g) = 1. (1)

Our aim is to find the polynomials f and g such that
AROF(x) = g(x)b(x).



Polynomial linear system

Fixed a finite field Fq, m > n > 1, we consider the problem of solving
a full rank consistent polynomial linear system

f(x)
A(x = b(x
(g0 =)
There is a unique rational solution
f1((><;
g(x
h(x
fx) 9()
X) = =
y(x) 9 ;
fo(x)
9(x)
where g(x) is the monic least common denominator and
GCD(f, 9) = GCD(GCD;(fj), g) = 1. (1)

Our aim is to find the polynomials f and g such that
ARF(x) = g(x)b(x).



Evaluation/Interpolation

Fix L > df + dg + 1 distinct evaluation points {aq, as, ..., a.}, where

- df > maxi<j<n deg(f,'),
- dg > deg(9).

we can uniquely reconstruct f and g by

- evaluating the polynomial matrix A(x) and b(x) at ey, 1< [ <L
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Evaluation/Interpolation

Fix L > df + dg + 1 distinct evaluation points {aq, as, ..., a.}, where

- df > maxi<j<n deg(f,'),
- dg > deg(9).

we can uniquely reconstruct f and g by

- evaluating the polynomial matrix A(x) and b(x) at ey, 1< [ <L
- solving the evaluating system

¢n(e) left,....L}

- interpolating from the evaluated solution the parametric one.



Polynomial linear system solving with errors

=A(ot)
Al #A(ct)
| —> <
b| =b((XI)
#b(at)

An evaluation point o is erroneous if
Aif(eu) # g(au)by
E:=[{l]Af(ar) # glau)bi}l.

Since A is full rank for any [,

Af(r) # g(a)bi = A # Aa) orfand by # b(a).
"We omit the rank drops study.




Polynomial linear system solving with errors

’ How many evaluation points?‘

[BK14] and [Kal+17] proved that with

L>Lgc:=df +dg+2e+1
evaluation points, it is possible to uniquely reconstruct f and g.
- df > maxi<i<, deg(f7),

© dg > deg(9),
ce>|E| = |{l|Af(cu) # g(ai)bi}



Polynomial linear system solving with errors

Main idea

- For any correct evaluations we have

Af () = glan)by



Polynomial linear system solving with errors

Main idea

- For any correct evaluations we have

Af () = glan)by

- let A be the error locator polynomial,

A =TT =a),

leE

that is monic and has degree deg(A) < ¢;



Polynomial linear system solving with errors

Main idea

- For any correct evaluations we have
Aif (1) = g(ar)by

- let A be the error locator polynomial,

A =TT =a),

leE

that is monic and has degree deg(A) < ¢;
- we putforanyle {1,... L},

where deg(¢) < df 4+ e and deg(y)) < dg + e.



Polynomial linear system solving with errors

Assume that

the number of erroneous evaluations is < e,

the number of the correct evaluations for which A, is full rank is
>df +dg+e+1

Let (‘Pmimwmin) be a solution of

A1QD(O[1) — 1/)(0(1)b1 =0

ALQO(C%L) — ’l/J(OéL)bL =0

where i, is scaled to have leading coefficient 1in x and it has
minimal degree of all such solutions. Then

Pmin =N, Ymin = Ng



Reed Solomon Codes

Let Fq be a finite field. Fixed:

- df <L <q,
- L evaluation points, {a1,...,a.},

The Reed Solomon Code of length L and dimension df + 1is the set
RSq :=A{(f(an),....f(aw)) | f € Fqlx], deg(f) < df}.

o | f0 | o |t | = DoseafiXi = |t | fl@a) | floo) [ i) | | fo)

The Reed Solomon code is Maximum Distance Separable (MDS), i.e.
it matches the Singleton bound. Its error correction capability is
L—df —1

ers <
RS = 3



Polynomial linear system solving with errors

The [BK14] method is a generalization of the Berlekamp-Welch
decoding for Reed Solomon codes.

Ifm=n=1A= I, g constant polynomial 1,

’ Recover the solution of the polynomial linear system ‘

!

’ Decoding of Reed Solomon code‘

b+ ba bs b4 br




Polynomial linear system solving with errors

The [BK14] method is a generalization of the Berlekamp-Welch
decoding for Reed Solomon codes.

Ifm=n=1A= I, g constant polynomial 1,

’ Recover the solution of the polynomial linear system ‘

!

’ Decoding of Reed Solomon code‘

f(ox1) . f(oxa) . f(oxL)




Generalization of the decoding of
interleaved RS codes



Our approach

AX)f(x)=g(x)b(x)

=Ala)

— A aie)
Boyer et al. (2014) H—
Kaltofen et al. br =ble)

(2017) #bla)

/

Berlekamp-Welch decoding
Reed Solomon codes

Our purpose is to reconstruct the solution using a technique,
inspired by the [BKY03] decoding of interleaved RS codes.

1



Our approach

ARX)fx)=g(x)b(x)
=Ala)
— A Alw)
Boyer et al. (2014) oA
Kaltofen et al. This work
2017) by =bla)
#bla)
Berlekamp-Welch decoding Decoding of interleaved
Reed Solomon codes Reed Solomon codes

Our purpose is to reconstruct the solution using a technique,
inspired by the [BKY03] decoding of interleaved RS codes.
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Interleaved RS codes

n codewords of RS[L,df+1]q

fi(or) | fi(od) | fiea) | filoxa) o0 fion)
fa(or) | faloz) | fooxa) | folora) - fa(or)
fa(ox1) | fa(oz) | fa(oxa) | fa(owa) e fa(ore)
fo(o1) | foloz) | foxa) | flora) - fn(orw)




Interleaved RS codes

n codewords of RS[L,df+1]q

)
filar) || fi(oe) | fi(xs) | fi(oa) . (o)
fa(or) || fa(oz) | fooxa) | folora) - fa(or)
fala) [ faloe) | falo) | o) | o | fale) fla)
fo(or) || floz) | foxa) | f(ora) - fn(orw)
f(or)e(Fa)n



Interleaved RS codes

n codewords of RS[L,df+1]q
fi(ar) | filo2) | fi(oa) | fi(oxa) e fa(eer)
fa(or) || faloz) | fooxa) | folora) - fa(or)
fala) [ falo) | falo) | o) | oo | fale) fla) | flocz)
fo(or) || flo2) | f(oxa) | fora) - fn(orw)
f(oxz)e(lFa)"



Interleaved RS codes

n codewords of RS[L,df+1]q

fi(er) | (o) | fi(os) | fi(oxa) e (o)
fa(or) | faloz) | fooxa) | folora) - fa(or)
| fox1) | floxo) [ floxa) | Floxa) | -e- (o
fa(ox1) | fa(oz) | fa(oxa) | fa(owa) fa(orw) ( ) ( 2) ( 3) ( 4) ( L)
fo(o1) | foloz) | foxa) | flora) - fn(ors)
flow)e(Fo)n



Interleaved RS codes

n codewords of RS[L,df+1]q /~—

fila) | fila) | fi(oa) | fi(oa) f1(oct)
fa(or) | faloz) | fooxa) | folora) fa(or)

T f(oxr) | fo2) | foxa) | Floxa) [ -en (o

fa(ox1) | fa(oz) | fa(oxa) | fa(owa) fa(orw) ( ) ( 2) ( 3) ( 4) ( L)
fo(o1) | foloz) | foxa) | flora) fn(ors)

codeword of interleaved
RS code over Fg"

flow)e(Fo)n



Decoding interleaved Reed Solomon codes

An instance of the Simultaneous Polynomial Reconstruction (SPR) is
(Yh<i<t = (Vi)1<i<n such that there exist

1<I<L
-Ec{1,...,L},
- polynomials (f1, ..., fr), with deg(f;) < df
{m =f(a) [¢E
Vi#f(a) L€E

The solution of the SPR is the tuple f = (f1,...,fn) € (Fq[X])"




Decoding interleaved Reed Solomon codes

An instance of the Simultaneous Polynomial Reconstruction (SPR) is
(Yh<i<t = (Vi)1<i<n such that there exist

1<I<L
-Ec{1,...,L},
- polynomials (f1, ..., fr), with deg(f;) < df
{m =f(a) [¢E
Vi#f(a) L€E

The solution of the SPR is the tuple f = (f1,...,fn) € (Fq[X])"

for) f(oca) )




Decoding interleaved RS codes

f1(ox1) f1(cxa) f1(ort)
fa(ax1) fa(ox3) cee | (o)
fa(oe1) fa(oxs) oo | faor)
fa(oxr) fa(ota) o [faor)
fn(cn) fn(as) 000 fn(GL)

14



Decoding interleaved RS codes

[ f1(or) f1(ota) f1(ow) ]m f1(x)
fa(orr) fa(oxa) U R
fa(atr) fa(cxa) e | falow)
fa(orr) fa(oxa) | falow)
fo(atr) fo(oxa) o | falow)

14



Decoding interleaved RS codes

f1(at1) f1(oa) f1(or)
fa(at1) fo(ota) fo(ort)
fa(o1) fa(oxs) fa(ar)
falocr) fa(oxa) o o)

. . . . BW decoding for RS
[ (o) fr(oxs) oo | falow) )—» fa(x)

In this way,

- recover f = (fi,...,fn) € (Fq[x])",

-+ correct up to # errors (MDS).

14



Decoding interleaved RS codes

Theorem [BKY03]

Given (Vi)i<i<n € (Fq)™ where e < |E| =
1<I<L

n(L—df—1)
n+1

Assume that for any i € {1,...,n},

l € E, yj are uniformly distributed over Fy,

[ ¢ E, yi=fi(x)andfy,...,f, are uniformly distributed over the
vector space of polynomials of Fq[x] of degree at most df;

The linear system,

M) = yaMaw)li<i<t

[mr(ar) = YniMaw)i<i<t

admits at most one solution with probability at least 1— e/q.



Decoding interleaved RS codes

Theorem [BMS04]

Given (yiuh<i<n € (Fq)™ where e := |E| =
1<I<L

n(L—df—1)
n+1

Assume that for any i € {1,...,n},

l € E, yj are uniformly distributed over Fy,

L ¢ E, yii = fi(aw),

The linear system,

[Mi(cq) = yuNa)h<i<t

3)
[Mmr(aq) = YniMou)h<i<t

admits at most one solution with probability at least 1 — %(G"z))



Decoding interleaved RS codes

If n > 1then,

probabilistic assumptions

!
n(L—df —1) L—df—1
n+1 Z 2

\ i

unique decoding unique decoding
error probability O(1/q)

Under some probabilistic assumptions it is possible to decode
beyond the unique decoding bound.



Decoding interleaved RS codes

If n > 1then,

n(1=R) 1=R
n+1 = 2
1 I
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Our scenario

uniquely reconstruct the
vector solution

Boyer et al.
<—> e ===
BW Lsk
The Problem
AR)F(x)=g(x)b(x)
\
Probabilistic reconstruct the vector
assumptions solution
Our method error probability O(1/q)
— <=> — <——>
decoding iRS

L <Llex

We focus on the square case m = n.



Our scenario

=A(ax)

A
‘ < ! ?'-'A((XI)—P uniformly random entries
over Fq
o —>
by =blex)

¢b((X|) =3P uniformly random entries
over [Fq

We fix L := w evaluation points, where

+ df > deg (f) := maxi<i<n deg (f),
- dg = deg(9),
- eis a bound on the number of erroneous evaluations

e |E|:=={le{1,...,L} | Af(cu) # g(ar)bi}|.

19



Generalization of the decoding of interleaved RS codes

Forany € {1,...,L} we study the homogeneous linear systems
Ay —ob =0

Since A, is full rank, the kernel is one-dimensional. Let
(v, 00) = (v, - - -, ins 01) be the generator of the kernel, then

_ fle)
y[::l: =gy LEE
ol + ’;Eai)) [ € E uniformly random

20



Generalization of the decoding of interleaved RS codes

Now, we consider the key equations

p(a1) = yyih(aq) =0
pla) =y () =0

“ = (p1,--.,pn) € (Fq[x])" and deg(y;) < df +e,
- ) € Fylx], deg(v)) < dg +e.

21



Generalization of the decoding of interleaved RS codes

Now, we consider the key equations

p(ar) —yip(ar) = 0

pla) =y () =0

- The system has nL equations and

n(df +e+1)+dg+e+1=nL+1unknowns, i.e. the
coefficients of ¢ and .

- If the rank of the coefficient matrix is nL, the kernel is
one-dimensional and (¢, v) its generator is

o =N.¥=g.

21



Generalization of the decoding of interleaved RS codes

Under the previous assumptions,

_ an=2
Prlrank < nL] < 7@@(1 9"")

The error probability is O(1/q).

Moreover if n > 1,

[ — n(df +e+1)+dg+e

p <df +dg+2e+1=Lg

22



Generalization of the decoding of interleaved RS codes

Data: (A}, b))i<i<1 and df,dg, e

Result: (f,g) or fail
o= (ﬂ(df+e+W)+dg+ew
. n

find a basis {(v,01)} of the right kernel of Ay, — ob; = 0 for
[=1,...,L
yii=gh
construct the key equation (4) and, given M the coefficient matrix;
if rank(M) == n(df +e+1) +dg + e then
find a basis {(y, )} of the right kernel of M;

A := GCD(p, %)
fi=%2andg:=%;
else

| return fail
end

23



Experiments and conclusions




We implement our algorithm in SageMath.

We apply 100 times our method to solve 100 different polynomial
linear systems of size 3 and number of errors 4.

We denote,

- p* represents the number of times in which the rank is less than

nL,
- p the percentage of theoretical error probability of our theorem,
exp(1-g" %)
q

We obtain the following results:

q| p* p

21 0,9% |3,22%
2610,33% | 1,58%
2° 1 0,16% | 0,19%

24



Open Problems

- Study the rank drops case,
- better upper bound the error probability,

- dg > deg(g).

25



Thanks for your attention.
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