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Sparse representation problems



Sparse representation of sequences

Given a sequence of values
00,01,...,0s € C,

find/guess the values of o, for all n € N.

i Find r € N,w;, & € C such that o, = >] w; &", for all n € N.

Example: 0,1, 1, 2, 3,5, 8, 13, ....
Solution:
» Find a recurrence relation valid for the first terms: ox12 — oky1 — ok = 0.

» Find the roots &; = 1*'27‘/5 &= % (golden numbers) of the characteristic
polynomial: x2 — x —1 = 0.

1+\/§)n _

» Deduce o, = %( >




Sparse representation of signals

Given a function or signal f(t):

decompose it as

rl

Z(a,cos (uit) + bisin(u;t))e Zw,e‘ it

=il




Prony’s method (1795)

For the signal f(t) = >_'_; wieSt, (wj, ¢ € C),

e Evaluate f at 2 r regularly spaced points: og := 7(0),071 := f(1),...

e Compute a non-zero element p = [pg, . .., pr| in the kernel:
(s 01 000 Oy Po
o1 Or+1 P1
=0
Or—1 ... O2r—1 02,-1 Pr

o Compute the roots & = e‘l,... & = e of p(x) =Y I_, pix'.
e Solve the system

1 1 w1 (s}

&1 &r wo o1

—1 |
1 f: Wy Or_1 3



Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial 1) of degree d in the variables

X = (X0, X1, - - - , Xn) With coefficients € K:
- d\ _a
W= 5 e (O]

find a minimal decomposition of ¢ of the form

Y(x) = Zwi(fi,oxo + &iaxe + o+ &inXn)?

i=1

with & = (&0,&i1,--,&n) € K spanning disctint lines, w; € K.

The minimal r in such a decomposition is called the rank of 7).



Sylvester approach (1851)

Theorem

The binary form (xo, x1) = 3.0 i (?)x¢~x{ can be decomposed as a

i
sum of r distinct powers of linear forms

P = Zwk((},kXO + :))le)d

k=1

iff there exists a polynomial p(xop, x1) := pox§ + p1x6_1x1 + - 4 prx{ s.t.

(1) o1 Or Po
o1 Ort1 P1

=0
Od—r .. Od—-1 0d Pr

and of the form p = ¢ [[;_;(Bkxo — cuxi) with (a : Bi) distinct.
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Sparse interpolation

Given a black-box polynomial function f(x)

Input — EIFHQ:{) @ — Output

find what are the terms inside from output values.

w5 Find r € N,w; € C,a; € N such that f(x) = Y _; w;ix®.



Choose ¢ € C

Compute the sequence of terms o¢ = f(1),...,02,-1 = f(¢*>1);

Construct the matrix H = [o}4;] and its kernel p = [po, ..., p/] s.t.

00 01 Or Po

01 Or+1 P1
: = (]

Or—1 ... 02r—1 O2r—1 Pr

Compute the roots &1 = @1, ...

& = % of p(x) =3I, pix’ and

deduce the exponents o; = log,,(&;).

Deduce the weights W = [w;] by solving V=W = [0y, ..., 0,_1]

where V= is the Vandermonde system of the roots &1, ..., &, .



————— Py - B

An algebraic code:

E ={c(f) =[f(&),-.., f(Em)] | f € K[x]; deg(f) < d}.
Encoding messages using the dual code:
C=Et={c|c-[f(&),..., f(&m)] =0 VFf € V = (x®) C F[x|}

Message received: r = m+ e for m € C where e = [wy, ..., wm] is an
error with w; # 0 for j =1i,..., ir and w; = 0 otherwise.

= Find the error e.



Berlekamp-Massey method (1969)

e Compute the syndrome o = c(x¥) - r = c(x¥) - e = dim1 w,-j.g};.

e Compute the matrix

o} o1 300 or Po

01 Or+1 P1
. =0

Or—1 ... 02r—1 02,1 Pr

and its kernel p = [po, ..., pr]-

e Compute the roots of the error locator polynomial
p(x) = 2o Pix" = pr [Tj=s (x = &)-

e Deduce the errors Wi



Simultaneous decomposition

Simultaneous decomposition problem
Given symmetric tensors 11, ...,y of order di, ..., dn, find a

simultaneous decomposition of the form

r
P =Y wii(€o%0+ &+ -+ &inxa)®

i=1

.. .. =ntl —
where & = (&0, - - -, &i,n) span distinct lines in K" and wyi € K for

I=1,...,m.
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Proposition (One dimensional decomposition)

Let ¢/ = 271:0 0'17,'(d/)Xg’_iX{ (S K[X(),Xl]d/ for | = ].7 e, m.

i

If there exists a polynomial p(xop, x1) = pox§ + plx(g*lxl + -+ prx{ s.t.

01,0 01,1 <. O1,r
01,1 O1,r+1
O1,dy—r cee O1,dy—1 O1,dy
Om,0 Om,1 0ooo Om,r
Om,1 Or+1
L Umvdm_r e O-mvdm_l O.mvdm i

Po
P1

pr

of the form p = ¢ [[,_1(Bkxo — axxa) with [ay @ By] distinct, then

Y = Zwi,/(alxo + B/Xl)d’
for wi; € K and | = 1,...,m."=!

11/




Duality




Dual of polynomial rings

For R = K[x] = K[x1,...,x3] = {p = >_nca PaXx®, Pa € K},

K[x]* = Homg(K[x], K)
The element 0 € R* : p € R — (o|p) € K is a linear functional on R.
The coefficients (o|x*) = 04 € K, a € N” are the moments of ¢.

Examples:
e p > coefficient of x* in p

o ccipr p(Q) for ¢ = (Gry .., Cn) € KT,
o For K=R, Q C R" compact, [, :p+— [, p(x)dx

Structure of K[x]-module:
pxo € R :q— (o|lpq).
Example: For p,q € R, pxec:q— (eclpq) = p(¢) (ec|q) = pxec = p(Q)ec

Property: For p,g € R, 0 € R*, px(gx0) =pgxo =qg*(p*o).
12



Linear functionals as sequences

Correspondence: ¢ € K[x]* = (04)aen € KN sequence indexed by
a=(a1,...,a,) € N" with 0, = (o|x%).

ocip= Zpax € Rw— (o|p) = ZOQPQGK

Example: e, = (%) exnn Where (¥ = (- -- (5.
Structure of K[x]-module:

For p= ZaeA paxa c R' g = (O—CY)OCEN" & KN”; 6 € NI’I

(p* J)ﬂ = Z PaOa+p
a€cA

(correlation sequence).

13



Linear functionals as series

Correspondence: ¢ € K[x]* =

J(y) = Z()(EN" 004% € K[[Yh cee 7yn]] U(Z) - Z(»CN” 0,2% € K[[Zl ----- Zn”
with o, = (o|x*), ! =[] ay! for a = (a1,...,a,) € N
Example:

c(¥) = Ta C* 5 = €9 € K[W]] ec(2) = 0 (2" = [p(hy € K]

> For p=3",pa € R, 0(y) = Xoenn 0ay €KL, (0]p) = 3, Tapa

» The basis dual to (x®) is (L )acnn (resp. (z%)aenn)

al
» For pe R, a € N”, (y*|p) = 0%(p)(0), (z%|p) = coeff. of x* in p.

Structure of R-module:
a—ey

xixo(y) = ZQOOUQW x1xo(z) = Za1>00a2afe‘
= 0y(a(y)) = (2 '0(2))
pro = pd1..,0)@)y)  pro = mi(p(zl.... 2y )o(2))14



Inverse systems

For I an ideal in R = K[x],
It ={oceR"|Vpel, (o|p) =0}.
Dual of quotient algebra: for A = R/I, A* = I+

e In K[[y]], I+ is stable by derivations with respect to y;.

e In K[[Z]], /* is stable by “division” by variables z;.
Inverse system generated by wy,...,w, € K[y]
({wi,...,wr)) = (0§ (wi),a € N")  resp. (m4 (2" “wi(z)),« € N")
Example: | = (x2,x2) C K[x1, x2]
I+ = (1,y1,y2, y1y2) = {{(y1y2))  tesp. (1,21,22,2122) = ((z122))

15



Artinian algebra



Structure of an Artinian algebra A

Definition: A = K[x]// is Artinian if dimg A < oco.
Hilbert nullstellensatz: A = K[x]// Artinian & Ve(/) = {&1,...,&} is

finite.

Assuming K = K is algebraically closed, we have

o /| =QiN---NQ where Q; is mg,-primary where V() = {&1,. .., &}

o A=K[x]/I=A1® - A, with

o Ai=u; A~K[xq,...,x]/Qi
° U?:U,', U,'u_,':Oifl.#_]', up+---+u, =1

e dim R/Q; = p; is the multiplicity of &;.

16



Structure of the dual A*

Sparse series:
PolExp = { Zw, y)eg(y) | wi(y) € Ky], }

where ¢¢,(y) = e¥¢ = 6“51%’*'"”"5""' with & j € K.
Inverse system generated by wy,...,w, € K[y]

(@1, @) = (83 (wi), @ € N

Theorem

For K = K algebraically closed,
A" =@ Dieg,(y) C  PolExp

O VK(I) = {gla"wfl’}
e D, = <(w,-,1,. .. ,OJ,"/,.>> with wjj € K[y], QIJ‘ = 'D,'eg where | = Qi1 N---NQ,

o (wit,...,wiy) = dimg(D;) = u; multiplicity of &;. 17

.




The roots by eigencomputation

Hypothesis: V(1) = {&1,..., &} & A=K][x]// Artinian.

M, A — A ME A - A
u — au AN — axAN=ANoM,

Theorem
o The eigenvalues of M, are {a(&1), ..., a(&,)}.
e The eigenvectors of all (M3)ac4 are (up to a scalar) ¢, : p — p(&;).

Proposition

If the roots are simple, the operators M, are diagonalizable. Their
common eigenvectors are, up to a scalar, interpolation polynomials u; at
the roots and idempotent in A.

w

18



Theorem
In a basis of A, all the matrices M, (a € A) are of the form

N; 0 a(&) *
M, = with N, =
0 N; 0 a(&)

Corollary (Chow form)

Au) =det(vo+viMy + -+ v M) = [T (vo +va&ix + -+ - + Vi )6 where
te; is the multiplicity of €.

19



Roots of polynomial systems

fi = x¥xp—x3 I = (f, ) C C[x]
h = xix—x2

A=C[X]/I = (1,x1,%) =0 —x2,x1% — X2, X3 — x2)

0 0 O 0 0 O cominon 1
M, = 1 001, Ma=1]0 00 eigvecsof =] 0 |,
01 1 1 1 1 ME, Mk 0

=@ NQ where Q= (x2,x), @ = ma1) = (a—1,x—1)
I=QiaQr @ =(Ly)=(Ly)eooly) Q = (1L)eqn(y) = (e*?)
Solution of partial differential equations (with constant coeff.)
{ B20,0-BR0c = 0 fro=0 = oselt=0QfoQt
0y, 0y 0 — 8 .0 = 0 hxo=0
o=a+by+cer™ abcecC 20



Solving by duality




To find the roots V(/), we compute the structure of A = R//, that is,

e a vector space B C R spanned by a “basis” of A,

e the multiplication operators M; by variables x; in the basis of B.

We use a normal form A on R w.r.t. /, that is a projector N : R — B s.t.
ker V' = and N|g = ldg. J

The operators M; are given by M; : b € B — N (x;b) € B.

Classical examples:

e N : p € K[x] — remainder of p in the Euclidean division by f where
I = (f) C K[x].

e N :p e R+ remainder of p in the reduction by a Grobner basis.

21



Truncated Normal Forms (TNF)

1= If B is known, we only need to know N on

BT = B+ x1B +--- + x,B, to know the operators of multiplication
M;.

For BC VC Rwithx;-BC V,i=1,...,n, a Truncated Normal Form
on V w.r.t. |is a projector N : V — B such that ker ' =/ N V and
Nig = ldg.

22



If B is spanned by a set of monomials B, V = (B™), and
OB = BT\ B, we consider projections of x* € 9B

Definition (Border basis)

fo =x% — Z CapXx’ acoB
xBeB
xB if x% € B

is a TNF.
X' —f; fxPeoB ©°

such that N : x? € Bt l—>{

If F = (fa)acon is a border basis,
R=B& (F)

and the projection on B along (F) is a normal form N, which extends N.23



Definition: V connected to 1if Vo = (1) C V; C--- C Vs = V with

Vija C V,'+-

For F C R, let Comy(F) (commutation polynomials) be the set of polynomials
in V of the form x;f or x;f — x;f" with f,f" € F, i # j.

Theorem

Let B,V C R such that W := BT C V, V is connected to 1 and let
N : V — B be a projector such that F :=ker N C I NV and
M; : b € B+ N(x;b) € B. Then the following points are equivalent:

Q@ (MioM; —MjoM;)=0forl1<ij<n;

© there exists a unique normal form N': R — B s.t. N|y = N and
ker V' = (F);

@ FFNnWCF;

Q Comp(F)CF;

= Algorithm to compute a border basis by adding to F the non-zero

24
reduction of the commutation polynomials of F [MT05,MTO08,...].




Dual description

A TNF N : V — B modulo I with B of dimension r is given by
N:feV— N(f)=(m(f),...,n(f)) € K" where

n eV NIt={ceV*|V¥pelnV,o(p) =0}

Theorem (TMV18)

Let V C R be a finite dimensional, W Cc V s.t. WH Cc Vand N:V — K’ s.t.
© Ju € V such that u+ 1 is a unit in R/,
Q ker(N)CINV,
© Njw is onto K".

Then for any r-dimensional vector subspace B C W s.t. Njg is invertible we have:
(i) B~ R/I (as R-modules),

(i) V=Ba(INnV)and | = ({ker(N)) : u), N is a TNF,

(i) M;:be B N(x;b) € B is the multiplication by x; in B modulo I. 25




Algorithm

For fi,...,fm € R, V4,..., Vi, V vector spaces of R (e.g. spanned by
monomials)
Res: Vix---xV, — V

(q17"'7qn) — q1f1+"'+qum-

Roots from the cokernel of a resultant map
o N < (kerRes’)!
o Njw < restriction of N to W with W+ C V
* Q,R,P « grfact(N)w)
No < first columns in P of Ny indexed by B C W
e N; < columns of N corresponding to x; - B

o My « (No) N

e return the roots of fi,..., fy from My, ..., My,.

26/




Consider the ideal | = (f1, f2) C C[xq, x2] given by

i = 7T+3x3—6x — 4x12 + 2x1x0 + 5x22,
”,4 A R frh = —1—3x;+ 14x — 2X12 + 2x1x0 — 3X22.
1 X1 X2 Xl2 X1X2 X22 X3 X{x2 X1 X22 xg‘
A7 3 -6 -4 2 5 |
x1f 7 3 -6 —4 2 5
ResT — xafy 7 3 —6 —4 2 5
fa -1 -3 14 -2 2 -3
x1fa -1 -3 14 -2 2 =3
xfb | -1 -3 14 -2 2 -3

27



We compute ker Res' and find linear functionals ;,i = 1,...,4 in V* N [+

(representing ee,):

v®(—2,3)
v®(3,2)
v®(2,1)

v®(—1,0)

N:

]

o = N W
= A~ O N
O NN O

@ e ad K
-8 12 -18 27
27 18 12 8
8 4 2 1
-1 0 0 0

For B = {x1, x2, X2, x1x2}, the submatrices we need are

2 3 4 —6
2 90 6
N:
B 1 4 2
101 0

= N> O P>

-8 12 -6 9 12 -18
18 Ny — 6 4 18 12

2 1 4 2

0 0 O 0

We obtain the solutions & = (—2,3),&% = (3,2),& = (2,1),& = (—1,0) by

eigen computation.

28



Example of basis for a generic dense system

A system fi, f» € R = R[x1, xo] with deg(f;) = 15
V = Regg, W = Repg, 6 = 225

30

20

deg(x2)

10

b 44454464+

29



Numerical experimentation

n = 2, numerical quality and running time.

d | 8 my ma=ny na res Salg Sohe Shre
1 1 2 3 1 1.28 . 10716 1 1 1

7 49 56 105 49 2.06 - 10713 49 49 49
13 169 182 351 169 2.18 10713 169 169 169
19 361 380 741 361 5.28 .10~ 13 361 361 361
25 625 650 1,275 625 1.21-1071° 625 614 625
31 961 992 1,053 961 5.23.107° 061 051 961

37 | 1,360 1,406 2,775 1,360 4.05-10"'2 1,369 1,360 1,368
43 | 1,849 1,802 3,741 1,840 1.74-10"'' 1840 1,825 1,845
49 | 2,401 2450 4,851 2401 1.57-1071°® 2401 2,364 2,163

55 | 3,025 3,080 6,105 3,025 1.84-10"11 3,025 2,070 2,487
61 | 3,721 3,782 7,503 3,721 3.26-10"'1 3,721 3,662 2,260

d ty ty tg ts talg tohe e
1 1.48.107% 5.5.107% 2.06-10"% 3.6.107% 535.10"% 56-1072 1.41.10"2
7 7.88.1073 168.107* 376.1073 278.1073 1.61.10"2 0.18 8.65 .10~ 2
13 | 4.65-1072 1.03-1072 1.66-10"2 2.81.10"2 0.1 0.84 1.14

19 0.13 5.60.10"2 5.34.10"2 0.13 0.37 3.29 8.70

25 0.32 0.18 0.15 0.51 1.16 8.79 33.83
31 0.55 0.51 0.55 1.49 3.1 20.25 08.39
37 0.96 1.52 1.5 3.52 7.5 39.02 258.09
43 1.47 4.05 3.8 8.28 17.6 69.1 504.01
49 2.47 10.46 8.78 17.01 30.62 124.47 801.37
55 3.60 20.51 17.85 34.3 76.34 178.55 1,581.77
61 4.85 36.32 31.26 62.87 135.3 283.87 2,115.66

30



n = 3, numerical quality and running time.

d | s m1 ma=ny n2 res 5=|g 5ph¢ Obre

1 1 3 4 1 1.79.1071° 1 1 1

3 27 105 120 27 1.05.10714 27 27 27

5 125 495 560 125 1.20.1012 125 125 125

7 343 1,365 1,540 343 6.71-10712 343 343 343

9 729 2,907 3,276 729 1.38.101° 729 726 729

11 | 1,331 5,313 5,084 1,331 3.11-107%% 1,331 1,331 1,331

13 | 2,197 8,775 9,880 2,197 2.86-10"'' 2107 2102 2,197
d ty ty tg ts talg tohe [
1 3.72.107% 1.24.107% 231.1073 45.1078 2.85.107% 6.8-1072 1.69.-10"2
3 7.01.107% 242.107%® 7.06-1073 1.08.-1073 1.85.1072 0.14 7.33.1072
5 566-1072 3.093.1072 331.1072 1.17-10"2 0.14 0.68 0.63
7 0.23 1.13 0.12 9.9.1072 1.57 3.42 4.11
9 0.68 14.43 0.65 0.63 16.4 12.21 17.29
11 1.77 44.79 3.01 3.08 54.46 30.08 70.66
13 5.81 183.67 16.07 15.35 220.9 07.28 210.34

31



Decomposition algorithms




Hankel operators

Hankel operator: For o = (01,...,0m) € (R*)™,
Hy:R — (RY)™
p — (p*o1,....,px0m)

o is the symbol of H,.
Truncated Hankel operator: V, Wy,..., W,, C R,

HY Y i pe V= ((pxoi)iw)
Property: V = (x¥)qea = (xXA), W = (x%)gcg = (xB) C R, 0 € R*,

H?’B = [<0‘Xaxﬁ>]a€A,ﬂeB = [0atplacases-

Example: m=1,0=(0,1,1,2,3,5,8,13,...).
For B = {1, x,x%},

011
HEE = (0is)ocijea=| 1 1 2
12 3 32



Ideal: I, = ker H,

I ={p €K[x] | pxco =0},
={p= Z Pax® | VB € N” Z Pada+p = 0} (Linear recurrence relations)

Quotient algebra: A, = R/I,
w o c AL =11  (pxo =0 implies (¢|p) = 0).

Compute the decomposition of o by analyzing the structure of A%. J

33



Example of Fibonnaci sequence: 0 =(0,1,1,2,3,5,8,13,...)

0
1
1
2

W N R
Gl w N =
o Ol W N
I
—

Iy = ker Hy = (x* — x — 1).
A, = K[x]/(x? — x — 1) with basis {1, x}.

Multiplication by x in this basis of Ay: M, = ( (1) —1 ) .

Eigenvalues: & = LH(-)™V5 Eigenvectors: u; = ()™ (x = &), i=12

2 /5

0o -—-L

_ _ o, 0
Matrix of H, in this basis: H, = ( V5 ) )
V5

34



Univariate series:

Kronecker (1881)
The Hankel operator

H, :

is of finite rank r iff Jwq, ...

(CN’ finite

— CN

(Pm) = (X2 Om+nPm)nen

Wy € C[y] and &1, ...

Z w, egl

Sy

neN

, & € C distincts s.t.

35




Multivariate series:
Theorem (Generalized Kronecker Theorem)

Foro = (o1,...,0m) € (R*)™, the Hankel operator

H,:R — (R)™
P — (p*017"'7p*0m)

is of rank r iff

ij, y) € Poléxp, j=1,...

. 4 .
with r =% 11 p(wi,i, ... ,wm,i). In this case, we have

o Ve(lo) ={&,-- .60}

,m

e I, =@Q1N---N Q. with Q’L = <<LL)1,,', e ,wm’,->> egl.(y).
If m=1, A, is Gorenstein (A} = A, x o is a free A,-module of rank 1)

and (a, b) — (o|ab) is non-degenerate in A,.




Decomposition from the structure of A,

For o € (R*)™ with dim A, = r:
» For B, C be of size r, if HUB’C is invertible then B is a basis of A,.
» The matrix M; of multiplication by x; in the basis B of A, is such that

HXBC HBC—HBCM

XjxO

» The common eigenvectors of M} are (up to a scalar) the vectors

[B(&)], i=1,...,r

37



For o =3} wieg, with w; € C\ {0} and & € C" distinct.
» rank H, = r and the multiplicity of the points &1,...,& in V(I;) is 1.

» The common eigenvectors of M; are (up to a scalar) the Lagrange
interpolation polynomials ug, at the points &, i =1,...,r.

1 ifi = j, ) .
ue (&)= Us =Ug, Y :_qUs = 1.
El(fj) { 0 OtheI‘Wise EI &l Zl—l &I

38



Decomposition algorithm

Input: The first coefficients (04 )aca of the series

o= Z aa Zw,egl

aeN?

@ Compute bases B, B’ C (x*) s.t. that HE"E invertible and
|B| = |B'| = r =dim A,;

@ Deduce the tables of multiplications M; := (H(’,B,’B)*le/’X"B

© Compute the eigenvectors vy, ..., v, of > . [;M; for a generic
I = hxi+ -+ lhxn;

©Q Deduce the points & =(&i1,...,&n) st. Mjv;i — & jvi =0 and the
weights wj = & (g <0|v,)

Output: The decomposition o = >"7_, v (g <a]v,)e§,(y)

39




Multivariate Prony method

Let h(tla t2) =2+324 2t2_3t1, o = EaeNz h(a)g = 2¢(1,1)(y) + 3e(2,2)(¥)—¢(3,1)(¥)-
e Take B ={1,x1,x} and compute

h(0,0) h(1,0) h(0,1) 4 5 7
Ho := HZB =| h(1,0) h(2,0) h(1,1) |=|5 5 11 |,
h(0,1) h(1,1) h(0,2) 7 11 13
5 5 7 7 11 13
Hy:=HBxB =1 5 1 17 | Hy:=HE=B=| 11 17 23
811 178 23 13 23 25
e Compute the generalized eigenvectors of (aH; + bHa, Hp):
2 -1 0 2 3 -1
U=1| -1/2 0 1/2 |andHoU=| 2x1 3x2 —-1x3
-1/2 1 -1)2 2x1 3x2 -1x1

e This yields the weights 2,3, —1 and the roots (1,1),(2,2),(3,1).
40



Demo
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A general framework

e § the functional space, in which the “signal” lives.
e 51,...,5,:§ = § commuting linear operators: S;0 S; = Sjo0 5;.
e A:heF— Alh] € C a linear functional on §.

Generating series associated to h € §:

Y Ase(h y—' Z

a€eN?

e Eigenfunctions:
SJ(E) ijE,j: 1,....,n=o0¢ :weg(y).
e Generalized eigenfunctions:

Si(Ex) = &Ex + Z mj k Exr = o, = wi(y)ee(y)-
K <k

= If h— oy, is injective = unique decomposition of f as a linear 42



Sparse reconstruction from Fourier coefficients

o F=1%(Q); ' '
e S h(x) € L%(Q) — e T h(x) € L2(R) is the multiplication by e
o A:h(x) € O — [ h(x)dx € C.
The moments of f are
1 / —2mid ", ’yé_—xj
0y = =—— [ f(x)e =T dx
! IL= T)

Eigenfunctions: d¢; generalized eigenfunctions: (5§a).

For f € L?(Q2) and ¢ = (04)ezn its Fourier coefficients,

Mo : (pp)pezr € L2(Z") ZUaJrBPﬁ € L*(Z").
a€Z"

I, is of finite rank r if and only if f = Z, 1 ZQGA CNn Wi adé ) \ith 43|



Symmetric tensor decomposition

and Waring problem (1770)

Symmetric tensor decomposition problem:

Given a homogeneous polynomial 1) of degree d in the variables

X = (X0, X1, - - - , Xn) With coefficients € K:
- d\ _a
W= 5 e (O]

find a minimal decomposition of ¢ of the form

Y(x) = Zwi(fi,oxo + &iaxe + o+ &inXn)?

i=1

with & = (&0,&i1,--,&n) € K spanning disctint lines, w; € K.

The minimal r in such a decomposition is called the rank of 7).

44




Symmetric tensors and apolarity

Apolar product: For f =374 fa ()X, & = 3 |41—g 8a (9)X* € K[X]4,

(f.8)d =Y faka (Z)

|a|=d

Property: (f,(&oxo + -+ + &nxn)9) = (€05 - - -, &n) J

Duality: For ¢ € Sy, we define ¥* € S = Homg(Sy4, K) as
v*: Sy — K
p = (¥,p)d
Example: ((Sox0 + -+ + &nxn)?)* = ¢¢ : p € Sy — p(€) (evaluation at &)
Dual symmetric tensor decomposition problem:

Given ¢* € S}, find a decomposition of the form ¢* = Y7 wiee, where

& = (80,61, .-,& ) span distinct lines in K™ wiek (w; #0). e




Symmetric tensor decomposition

P = (XO +3x; — Xz)4 + (XO —+ X1 +X2)4 -3 (Xg +2x1 + 2X2)4

7X04 - 24X03X2 - 8X03X1 — 60 X()2X22 — 168 X02X1X2 — 12 X()2X12
—96 xpx0> — 240 x0x1)<22 — 384 xoxl2x2 + 16 x9x13 — 46 x2* — 200 x1x23
—228 x1%x0% — 296 x13x2 + 344

* _ r * L
Y = ea1)(y) +ean(y) —3e@a(y)  (by apolarity for v : p— (i, p)a)
For B = {1,x1,x2},
] [ -1 -2 —6
B,B _
Hpy =1 | —2 —2  _14
-6 —14 -—10
[ —2 -2 —14
B,x1B __ —2 4 —32
Hyete =
—14 —32 —20 —74 —38 —50 -14 -32 -20 |
[ —10 5520) —24 —38 —50 —46 | -6 —14 —10
B,xsB
H2% = | 14 32 _20
—10 —20 -—24
- —46




e The matrix of multiplication by xo in B = {1,x1,x2} is
] -2 -2

— B B
Mz = (HP)T*H 2% = | o

N NR
Nw  Nw

1

e Its eigenvalues are [1,1,2] and the eigenvectors:

=7 =i

BlR Bl
NIE NR

that is the polynomials
U(x) = [ Ixi—3x 2+3xi+ix —-l+ix+ix
e We deduce the weights and the frequencies:
! ! o Weights: 1,1, —3;
Frequencies: (—1,3),(1,1),(2,2).

HEZ;XWZ]*” =] 1x3 1x1 -3x2
1x -1 1x1 —3x2
Decomposition:

YY) = ea-1)(¥)+tean(y)—3ewe2(y) + O(y)*

P(x) = (xo0+3x1—x2)*+(x0 +x1 +x2)*—3 (x0 +2x1 + 2x2)*
47



Phylogenetic trees

Example:

Eutheria |
Mammalia
\

Ly

Species :

Ancestor :

Transitions :

Problem: study probability vectors for genes [A, C, G, T]
and the transitions described by Markov matrices M.

A
Mt M2 M3

S1 S 83

For in, i, i3 € {A, C, G, T}, the probability to observe i1, i, i3 is

4

4

1 ps2 ag3 ]
Pixip,is = E Tk M iy Mic o Mic iy & P = E Tk Uk @ Vik & Wi
k=1

where uy = (ML ;,..., Mg ,), vk = (Mtf,p

w5 |ts decomposition yields the M’ and the ancestor probabibility (7;).

oog MI%A)?Wk = (MI?,I’
w5 pis a tensor € K* ® K* ® K* of rank < 4.

k=1

MR,
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Multilinear tensor decomposition

A tensor in K* @ K* ® K*:
T:=4agbygco+Taybyco+8axbygco+9asbgco+5agbrco—2agbyco+
1lagbscog+6agbygci +8cr+6agbgcs+2lay bycg+28abycg+11az by cg—
14 a1 bpcg —2lax by cg —10a3 by ¢y + 48 a1 b3 g + 65 a2 by o + 28 a3 b3 ¢y +
26a1 bgci +35axbgcy +14a3bgcy +18ag by c; —10ag bo ¢ +40ag bz ¢1 +
36a1 bgcr+48axbgcr+ 18az3bgco+26agbico —9agbrcr +55a9 b3 cr +
38a; bgcs +53axbgcs+ 14a3bgcz+26ag by c3 —16ag by c3 + 58 ag bz c3 +
68ai1bici +91axbycg +48azbici —72a1 bocg —105a2 bo g — 36 a3 by ¢ +
172 a1 bsc; +235ax b3 c; +112a3 b3y +90ay by o+ 118 ax by ¢ + 68 a3 by ¢ —
85a1 bycy — 127 ax by cp — 37 a3 bo cp +223 a1 b3 cp +301 a5 b3 o + 151 a3 by ¢ +
96a1 by c3 +129a, by cz3 +72a3 by c3 — 114 a1 by c3 — 165 a5 bo c3 — 54 a3 by c3 +
250 a1 bz c3 + 343 a5 bz c3 + 166 a3 bs c3.
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Take ap = bo =C = 1. For B := (1, dai, az, 33) and B’ := (1, bl, b2, b3),
: . 1rB,B’
the corresponding matrix H "

4 7 8 9
BB _ 5 21 28 11
T -2 —14 21 -10

11 48 65 28

is invertible. The transposed operators of multiplication by the variables
C1, Co, C3 are:

0 1/6 —2/3 —1/6

B _ | 2 —41/6  20/3  19/6
a -2 —85/6 37/3 29/6
-2 5/2 0 1/2
-2  23/3 -—13/3 -1/3

B | -6 1/3 7/3 13/3
2~ | —6 —28/3 29/3  20/3
-6 14 =7 0

0 3/2 0o -1/2

gqf _ | -2 —33/2 14 11/2

5=
3 —2  —57/2 23 17/2
-2 3/2 2 —1/2
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The eigenvalues are respectively (-1, -2, —3), (2,4,2), (4,5,6), and
(1,1,1). The corresponding common eigenvectors are:

1)+

We deduce that the coordinates (a1, a2, a3, c1, ¢z, ¢3) of the 4 points

517 ©oo0 754-
Computing the eigenvectors of the operators of multiplications
/ / / .
thl ,tMCB2 ,tMg we get the coordinates by, by, b3 and deduce the 4
points of the decomposition:

.S

I
—
w'l_“‘_r-
~

5

I
—
N NN =

W N o
R R e

IS
o
N
|

HH R R R RRRB R
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Finally, we solve the following linear system in (w1, w2, w3, was):

-
Il

wi(l—ag—2a+3a3)(1—b1—bp—b3)(l—c1 —2c —3¢c3)
w3(l+2a;1+2a+2a3)(1+2by+2by+3b3)(1+2c1 +4c+2c)
w3(l+5a1+7ax+3a3)(1+3by—4by+8b3)(L+4c1+5¢ +6¢c),
wi(l+ar+a+a)(l+bi+b+b3)(1+c1+c+c3)

+ + +

we get w; = wp = w3 = wq = 1.
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Basis construction




Computation of a (orthogonal) basis of A,

Definition: For p,q € E, let (p,q)s = (o | pq).
Projection: For p,q C K[x], f € K[x],

proj(f,p,q) =: g st. f—g e (p),g Lo (q)

Reduction: For f =)  f,x* € K[x] and k = {k;s}scq with
ks =x0 + - € K[x],

red(f,k) =: f — me
6eD
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For B = {x%,...,x%} suppose we have (p;, g;) such that

o pi = Xﬁi + Zj<i Pi,jx’Bj
® (pi,qj}oc = 0ij

For a new monomial x¢,

e project it with respect to B: r, = proj(x“, p, q)

e check discrepancy:
e (x7,ry)s # 0 extend p with p,.1 = r®, g,41 = x7;
e otherwise add r,, to the set of relations.
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Border basis computation

Input: o, for o € a s.t. rankH, < co.
e letb={};c={}sd={}; k={};n={0};s=a; t=a;
e While n £ 0 do
e b=b:
e For each a € n,
© if o =0 then p, = po = 1;
else
P = proj(redi(xips, {P+}eb, {mn }ep) for B € b st x* = xx”;
@ find the first v € t such that (pa,x”)s # 0;
© If such an 7 exists then
My = o—y=X"; Ga = proj(my, {qs}seb, {Ps}pen);
add « to b, p, to p, v to c; remove « from s, v from t;
else
add « to d, p. to k; remove a from s;
e n=next(b,d,s);
Output:
e monomial sets b = {x™ ... x%}, c={xn,... x"},
e bases p={pg} a={qs},
e relations k = {ps }acd-
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Proposition

Assume a is connected to 1. If d = Ob, then there exits & € K][[y]] s.t.
e rankH; =r,
e (p,q) are bases of Az pairwise orthogonal for (-, ),

e k is a border basis of I5 with respect to B.

Complexity: O(r(r + ¢)s) where r = |b|, § = |0b| s =|a| (6 < nr). |

Berlekamp-Massey-Sakata algorithm: Compute a non-reduced Grobner
basis of the recurrence relations valid up to a monomial m.

O(s'(r+0)s+rs'(r+4)) where s” is the maximal number of non-zero
terms in the polynomials of the Grobner basis (r < s’ <'s).

Remark: If the new monomials (€ N) are chosen according to a monomial
ordering <, then c = b.

Remark: If K =R and Vf € R[x], (o|f2) > 0 then p = q is a basis of

orthogonal polynomials of A,. %




Polynomial interpolation of points

Given a set of points = = {&1,...,&} C C", we take the moments
r
0o =D A&l
i=1
for some \j € C\ {0} and let 0 = > xn Uag be the generating series.

e |, =H, =Z(&,-..,&) vanishing ideal of the points;
e |, generated by ker H(’;%,’B+ for any bases B, B’ of A, connected to 1;

/ /.
e The eigenvectors of the operators M; = (Hf,3 ’B)_le B are up to a
scalar interpolation polynomials at the points &1,...,&,.
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Example:

Take ¢ := {(0,0),(1,0),(~1,0),(0,1),(0, —1)} and oo = 3>, &* for
|| <6:

() = B == Ry o Dy - Dt A Dy A Dl AL Dl A o
Basis by orthogonalization:

e by =po={1};
e n; = {x1,x}, by =p1 = {1, x1,x};
® No = {X]?’X]_X2,X22}, b2 = bl @] {X12,X22},
_ 2 2 .2 2 -
P2 = {1aX1aX27X1 — 5, X0 — g}r k2 - {X1X2}
o n3 = {x3,x{x2, x1x3,%3 }, b3 = by, p3 = p2,

(b,by) 2 2 .3
ks = (b— Z, ) <bk bkk b, b € Oby) = (x§ — x1, x2x2, X1X2, X1 X5, X3 — X2).

= Vanishing ideal: I, = (x§ — x1,x1x0, % — x2).

1= Lagrange basis:

2 21 1.2 1 1 .21 1.2 1 1.2
l—x"—x%sxi+5x%—3x1+53x%5 530+ 355 —5x+ 35X
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Thanks for your attention

Questions ?
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