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NONCOMMUTATIVE DIFFERENTIAL EQUATION



Notations

>

Let (X*,1x-) and (Y*,1y+) be the free monoids generated by the
alphabets X = {xg,...,xm} and Y = {yx}ix>1, respectively.

LynX (resp. LynY') denotes the set of Lyndon words over X (resp.
Y), with xo < x1 < ... < X (resp. y1 = yo... = ...).

Let Q be a simply connected domain and H(£2) be the algebra of
holomorphic functions on Q (admitting 15,(q) as neutral element).

The set of formal power (resp. Lie) series, over X and with
coefficients in H(Q2), is denoted by H(2){(X)) (resp. Liey ) (X))
The differentiation on H() is denoted by 9., i.e.
Ve e H(Q), 0.c =0 <= c € Clyq).

The differentiation on H(Q){(X)) is denoted by d, i.e.

VS e H(Q)(X), dS= > (0:(S|w))w =0 <= S € Clyq)(X).

weX*

For any yi,y; € Y and u,v € Y*, one defines?®

vw lxs =1x wu=u, xuwyv=x(vwyv)+y(xuw v),

uwly =ly-wu=u, yuwyy=y(uwyv)+yyuwv)

+ Yigj(u e v).

AL (X)) =x@1xs +1x Qx, A (i) = Vi@ by Flyx @ yi >, 1 Yk Qy



Iterated integrals and Chen series
For i=0,...,m, let uj € C C H(RQ). The iterated integral associated to
X ... x;, € X*, over the differential forms w;(z) = vu;j(z)dz,i =0,...,m,
and along a path z ~» z on €, is defined by (aZ (1x~) = 13 q))

z Zk—1
az (xi ... %) = / w,-l(zl).../ wi (2k).

20 20

0,07 (%, ... %) = u,-l(z)/ w;2(22).../ - wi ().

)
These iterated integrals satisfy the Chen’s lemma, i.e.

Vu,ve X*, of (uwv)=aZ(u)aZ (v).

The Chen series, over wy, . ..,wm and along zy ~» z on , is defined by
Copmz = 1olx« + Z ag (w)w
weX*X

and satisfies the following first order (noncommutative) differential equation
(DE) dS=MS with M=usxg...+ Unxm € CX C Liec(X).
By Ree's theorem, G, .., = et~z with L, .., € Liec (X)) C C{X)).
(A L (Chynz) = Copuosz @ Coysy and A (M) =1x+ @ M+ M @ 1x-).

A
GaI(DE) = {eC}Ceﬁiemn %) and Czowz = H eaio(SI)Pl’
leLynX
where {P;}/ccynx is a basis of Lie algebra Liec(X) and {S;}iccynx is a

pure transcendence basis of (C{(X). w .1x«).



Linear and algebraic independence via words
Theorem (Deneufchatel, Duchamp, HNM & Solomon, 2011,
weak and concrete form)

Let (C,0,) C (H(R), ;) function field. Let S € H(Q){(X)) be a
group-like solution of (DE).
Then the following assertions are equivalent :

1.

the family {(S|I)}iccynx is algebraic independant over (C, 0,).

2. the family {(S|w)}wex~ is linearly independant over (C, 0;).
3.
4

the family {(S|x) }xexu{iy~} is linearly independant over (C,0;).

. the family {u;}i=o.... .m of C is such that, for ¢; € C,i =0,...,m,

and f € C, one has
Colp + ...+ Cmum = 0,(f) = (Vi=1,...,m)(¢;=0).

Example (hyperlogarithms)

o={0=ag,a1,...,am} (the a;'s, i =0,...,m, are distinct), Q =C\ o,
C= (C{Zeoa (31 - Z)ela RN} (am - Z)em}em...,emE(C-

dS=MS with M=,

z a-—z | am—2z




The case of polylogarithms (X = {xo,x1}, Y = {yk}k>1)
0 =C1{0,1},w0(2) = 2 n(2) = -2 2 (1= 2)}apec.
In this case, Cyy—.., = L(2)(L(20))"?, where
L= Liyw= ﬁ elsi Pr,
wexx IeLynX

where, for n,ny,...n, € Ny and z € C,|z|< 1, Liy(z) = log"(z)/n! and
zh

- -1 —1, ) _
leglflxl.uxgr—lxl(z) =of(xg" XXy x1) = Z pra—
ki>..>k:>0 A
The coefficients {Hy, ., (n)}s>1 are defined by the following Taylor expansion
1
T Li o IIHXg,—le(Z) = ZHySI_“ySr(n)z

n>0

By a Abel's theorem, for n; > 1, one has then

C(ny...,n) = z|T>11 leglflxl.nxg,—lxl(z) = n—|I>Too Hy, ..y, (n).

Z = spanQ{Li,,,,(1)}W€X0X*X1 = SpaIl@{HW(+OO)}Wey*\y1y*7
using the one-to-one correspondences
1

X _ —
(s1,-..,5) ENL <y ... ys € Y*ﬂ:‘xé1 X1 Xy L € X*xq.
Y



Indexing polylogarithms and harmonic sums by polynomials

The following morphisms are injective
Lio : (Q<X>; Wy 1X*) — (Q{LiW}WGX*v oy 1)3

xglflxl .. .xg’flxl — Lixglflxl...ng—lxl =Lig, s,
H, : (Q<Y>’ Lﬂaly*) — (Q{Hw}weY*,-,1)7
Yo - Ys — Hy ..y, =Hs ..

Hence, {Li;}iccynx and {H;}iecyny are algebraically independent.



Indexing polylogarithms and harmonic sums by polynomials

The following morphisms are injective
Li, : (Q<X>; w a]-X*) — (Q{LiW}WGX*v 71)3

s1—1 s,—1
Xg' TxL-. Xy X1 —  Li R = Lig, .. s,

H‘ : (Q<Y>’ ttj’]‘Y*) — (Q{HW}WEY*7 ) )7
Vs -« Ys, — Hysl...ys, = Hsl,“.,s,
Hence, {Li;}iccynx and {H;}iecyny are algebraically independent.
The following( pon—morphism>is, by definit)ion, surjective
. Q]-X* EBXOQ( X1, w 71X*
@iy e (- ), w vy T B
Xol_ L

S —

X1..-Xp

Ve, ...y
[t can be extended as characters as follows

Cw (RX), w,1x-) — (R,.,1),

Clila IO:(R<Y>7 ttJa]-Y*) — (R7 51)7

— (:(517 . ,S,).

s.t. Cu (%) =0 =log(1), Cues (/) = s (my /) = s = (1), (I € LynX — X).
Cwla)= 0 =fp., log(l-2), {(1-2)° Iog (1 — 2)}acz bens
Cttl (yl) = 0 = f'p'n—>+o<>H1(n)7 {naHl(n)}BEZ,bENa

Tn = 7 = f'p'n%+ooH1(n)7 {na logb(n)}aez,b€N~



Indexing polylogarithms and harmonic sums by polynomials

The following morphisms are injective
Li, : (Q<X>; w a]-X*) — (Q{LiW}WGX*v 71)a

s1—1 s,—1
Xg' TxL-. Xy X1 —  Li R = Lig, .. s,

H‘ : (Q<Y>’ ttj,]_y*) — (Q{HW}WEY*7 ) )7
Vs -« Ys, — Hysl...ys, = Hsl,“.,s,
Hence, {Li;}iccynx and {H;}iecyny are algebraically independent.
The following( pon—morphism>is, by definit)ion, surjective
. Q]-X* EBXO(@< X1, w 71X*
@iy e (- ), w vy T B
Xol_ L

S —

X1..-Xp
Ve -+ Vs,
It can be extended as characters as follows
Cuu (R<X> w ]-X*) — (R7'a ]-)7
Ctﬂa’\//O : (R<Y>7 ttJa]'Y*) — (R7 51)7
st. Cu (x0) = 0 =log(1), Cus (/) = Cs (my ) = Vvl = (1), (I € LynX — X).
Cwla)= 0 =fp., log(l-2), {(1-2)° log? (1 — 2)}acz bens
Cu(n)= 0 =fp.,,Hi(n), {n"H7(n)}aez,ben,
Y= 7 = f'p'n~>+ooH1(n)7 {n? |°gb(”)}aez,beN~
In all the sequel, let X’ denotes X or Y and C({(X’)) denotes the set
formal power series, over X' and with coefficients in C.

— (:(517 . ,S,).



Indexing polylogarithms by noncommutative rational series
Noncommutative multivariate exponential transforms (xoxl # X1X0) °
x§ o log"(z)/nl, X log"((1—2)7Y)/n!,
(txo)* +—— zt (tx)* — (1-2)"t
Example (polylogarithms indexed by rational series)



Indexing polylogarithms by noncommutative rational series
Noncommutative multivariate exponential transforms (xoxl # X1X0) :
x§ s log"(z)/n!, x> log"((1—2z)"1)/n!,
(tx)* +— zt (a)* — (1-2)"t
Example (polylogarithms indexed by rational series)
Liys(z) =z, Lie(2) =(1—2)7Y, Lijaxgubm)(2) = 22(1 —2)7°.



Indexing polylogarithms by noncommutative rational series
Noncommutative multivariate exponential transforms (xoxl # X1X0) :
x5 log"(z)/n!, x] +— log"((1—2)"1)/n!,
(tx)* +— zt (a)* — (1-2)"t
Example (polylogarithms indexed by rational series)
Liys(z) =z, Lie(2) =(1—2)7Y, Lijaxgubm)(2) = 22(1 —2)7°.
Let w=ys...ys, € Y*and R, € (Z[x]], w ,1x+) by

(g(slr“r;,)f)
sy (kite.tke_1 r r—1
_ S1 Doim1Si— iz ki
Ro=3 .3 <k1)< . Pl 22 1 i
k=0 k=0
where, for any i =1,...,r, if ki =0 then p,. = x{ — 1x~ else
ki
Pl =0 w Y Sk, )il — 1x+) =
j=1
and the Sy(k;,j)'s are the Stirling numbers of second kind. Then
LiRysl...ys, (z) =Li_g . —s(2):= Z kit .. kg zk

ki>..>k/>0



REPRESENTATIVE SERIES



Representative series and C2% (X)) (X = X or Y)
Let C* (X)) and Cex.((X')) denote the sets of noncommutative
rational and exchangeable?, respectively, series over X'

2. je if S € Cexc (X)) then (Vu,v € X*)((Vx € X)(Julx= |v|x) = (S|u) = (S|v)-



Representative series and C2% (X)) (X = X or Y)
Let C* (X)) and Cex.((X')) denote the sets of noncommutative
rational and exchangeable?, respectively, series over X'

L (Cat (X)), w1y, Aconc,e) = (C(X),conc, A ,, , 1y, e)°.

2. je if S € Cexc (X)) then (Vu,v € X*)((Vx € X)(Julx= |v|x) = (S|u) = (S|v)-



Representative series and C2% (X)) (X = X or Y)

Let C**'((X')) and Cey. (X)) denote the sets of noncommutative
rational and exchangeable?, respectively, series over X
L (Cat (X)), w1y, Aconc,e) = (C(X),conc, A ,, , 1y, e)°.
2. The x*'s, x € X, are group-like, for Aconc, and are
algebraically independent over (C(X), w ,1x+) within
(C™2t (X)), w ,1yx). So are y*'s, y € Y*, over
(C(Y), w, Ly«) within (C™(Y)), w, Ly«).

2. je if S € Cexc (X)) then (Vu,v € X*)((Vx € X)(Julx= |v|x) = (S|u) = (S|v)-



Representative series and C2% (X)) (X = X or Y)
Let C* (X)) and Cex.((X')) denote the sets of noncommutative
rational and exchangeable?, respectively, series over X
L (Cat (X)), w1y, Aconc,e) = (C(X),conc, A ,, , 1y, e)°.
2. The x*'s, x € X, are group-like, for Aconc, and are
algebraically independent over (C(X), w ,1x+) within
(C™2t (X)), w ,1yx). So are y*'s, y € Y*, over
(C(Y), w, Ly«) within (C™(Y)), w, Ly«).
3. CEe(() = C (X)) N Coxe (X)) = w {C™((x)) }xex and

exc

Vx € X,C™((x)) = spang{(ax)* w C(x)|a € C}.

2. je if S € Cexc (X)) then (Vu,v € X*)((Vx € X)(Julx= |v|x) = (S|u) = (S|v)-



Representative series and C2% (X)) (X = X or Y)
Let C* (X)) and Cex.((X')) denote the sets of noncommutative
rational and exchangeable?, respectively, series over X
L (Cat (X)), w1y, Aconc,e) = (C(X),conc, A ,, , 1y, e)°.
2. The x*'s, x € X, are group-like, for Aconc, and are
algebraically independent over (C(X), w ,1x+) within
(C™2t (X)), w ,1yx). So are y*'s, y € Y*, over
(C(Y), w, Ly«) within (C™(Y)), w, Ly«).
3. CEe(() = C (X)) N Coxe (X)) = w {C™((x)) }xex and
Vx € X,C™((x)) = spang{(ax)* w C(x)|a € C}.
4. R € C™Y((X)) iff it admits a representation, (v, 1,7), of
dimension n : v € My 5(C), n € Mp1(C), pp : X* = M, (C)

s.t. R Z (vu(w)n)w = V<Z ,u(x)x)*n.

weX* wex
5. Let (v, u,m) be of minimal dimension of R € C{(X’)) and L be
the Lie algebra generated by {p(x)}xex. Then
R € Cit (X)) iff L is commutative.
2. je if S € Cexc (X)) then (Vu,v € X*)((Vx € X)(Julx= |v|x) = (S|u) = (S|v)-




Linear representations and automata
For i = 1,2, let R; € C™"((X')) and (vj, i, ni) be, respectively,
representations of dimension n;. Then the linear representation of

Ri+ Ry is <(V1 va) { <H1(§X) Mz(()x)> }xe)(, <Z;>>’

Riw Ry !5 (v1 @ v, {pa(x) ® In, + 1 ® p2(x) xex,m @ m2),
th*jR2 IS (V1®V2a{/'51()/k)®1n2 +In1 ®,u2(y}<)+2i+j:k
p1(yi) @ pa(yi) bes1,m @ 1m2).



Linear representations and automata

For i = 1,2, let R; € C™"((X')) and (vj, i, ni) be, respectively,
representations of dimension n;. Then the linear representation of

SR (R S TGO
12(x)) J ex’ \12

Riw Ry !5 (v1 @2, {p1(x) ® In, +1In, ® p2(x) xex,m @ m2),

Riw Ry is (v1 @ e, {pa(yk) ® Ln, + Loy @ pa(yi) + D214 j—k

p1(yi) ® p2(y)) a1, m © n2).
Example (of (—t2xpx1)* and (t2xpx1)*)

Xp, it xg, t
X1, it X1, t
(—i'2X0X1)>|< (t2X0X]_)*

w=(10), m:<

V2:(1 0), 172:<0
(v, {u(x0), u(x1)},m)

). e = (g o) mow=(2 ).

Cwt) = (g ) )= (5 )

=

N———

it 0
(Ul ® v, {,Ul(XO) ® I,,2 =+ Inl ® M2(X0)v
wi(x1) @I, + Lo @ pa(x1), m @ m2 )



(1 000, n=T(1L 0 0 0,

Example of (—t%xox1)* w (t2xox1)* = (—4t*xEx?)*
v

)

it

0

0 0 0 ¢t
0 0 0 it
0 0 0 O

0 0 0 O

it 0 0 O
0 0 O

t

it

it 0 O

0

it
0 0 0 O
00 0 O
it 0 0 O
0 0 0 O

0

it

0 0

o o

0 00O

0 0 0O

t 0 0O

0 0 0O

0

1(xo)

n(x1)



9

L (tzxoxl)* = (—4t4X§X12)*
—T(1 0 0 0
it 0 0

(100 0), 5

Example of (—t2xpx)*

)

it

0

0 0 0 ¢t
0 0 0 it
0 0 0 O

0 0 0 O

it 0 0 O
0 0 O

t

0

it
0 0 0 O
0 0 0 O
it 0 0 O
0 0 0 O

0

it

0 0

o o

0 00O

0 0 0O

t 0 0O

0 0 0O

1(xo)

n(x1)




Sub bialgebras of (C™ (X)), w ,1x+, Aconc,e)
Let (v, , 1) be of minimal dimension of R € C{(X)) and L be the
Lie algebra generated by {pu(x)}xex-
Letting M(x) := p(x)x, for x € X, one has R = vM(X*)n and
M(X*) = (M(x{)M(x0))*M(x7) = (M(>xg)M(x1))"M(x5)-



Sub bialgebras of (C™ (X)), w ,1x+, Aconc,e)

Let (v, , 1) be of minimal dimension of R € C{(X)) and L be the
Lie algebra generated by {pu(x)}xex-
Letting M(x) := p(x)x, for x € X, one has R = vM(X*)n and

MOX*) = (M) M(x0))* M(x{) = (M(x)M(x1))* M(x3).
Moreover, if {{1(x)}xexare triangular then let D(X) (resp. N(X)) be
diagonal (resp. nilpotent) letter matrix s.t. M(X) = D(X) + N(X).
One has

M(X*) = ((D(X*) T(X))"D(X")).



Sub bialgebras of (C™ (X)), w ,1x+, Aconc,e)
Let (v, , 1) be of minimal dimension of R € C{(X)) and L be the
Lie algebra generated by {pu(x)}xex-
Letting M(x) := p(x)x, for x € X, one has R = vM(X*)n and
M(X) = (M(x))M(x0)) M(x0) = (M5 )M(x0))* M(x5).
Moreover, if {1(x)}xexare triangular then Iet D(X) (resp. N(X)) be
diagonal (resp. nilpotent) letter matrix s.t. M(X) = D(X) + N(X).
One has
M(X*) = ((D(X*) T(X))* D(X")).

On the other hand, the modules generated by the following
families are closed by conc, w and coproducts :

(Fo) E1X,'1 - EinJ-Ej+17 where Xj, € X, Ex € (Crat<<X0>>,

(Fl) E1X,'1 - EJ'X,'J.EJ'_|_17 where X, € X, Ex € Crat«xl»’

(Fg) E1X,'1 - EinjEj+1, where X, € X, Ex € (Cgitc/((X»



Sub bialgebras of (C™ (X)), w ,1x+, Aconc,e)
Let (v, , 1) be of minimal dimension of R € C{(X)) and L be the
Lie algebra generated by {pu(x)}xex-
Letting M(x) := p(x)x, for x € X, one has R = vM(X*)n and
MOX") = (MO )M (x0)) M) = (M(xg)M(x0)) M-
Moreover, if {1(x)}xexare triangular then Iet D(X) (resp. N(X)) be
diagonal (resp. nilpotent) letter matrix s.t. M(X) = D(X) + N(X).
One has
M(X*) = ((D(X*) T(X))* D(X")).
On the other hand, the modules generated by the following
families are closed by conc, w and coproducts :
(Fo) E1X,'1 - EinJ-Ej+17 where Xj, € X, Ex € (Crat<<X0>>,
(F) Eixi ... EjxjEj+1, where x; € X,Ey € Crat((xy ),
(Fg) E1X,'1 - EinjEj+1, where X, € X, Ex € (Cgitc/((X»
It follows then,
1. R is linear combination of expressions in the form (Fy) (resp.
(F1)) iff M(x)M(xo) (resp. M(x3)M(x1)) is nilpotent,



Sub bialgebras of (C™ (X)), w ,1x+, Aconc,e)
Let (v, , 1) be of minimal dimension of R € C{(X)) and L be the
Lie algebra generated by {pu(x)}xex-
Letting M(x) := p(x)x, for x € X, one has R = vM(X*)n and
MOX") = (MO )M (x0)) M) = (M(xg)M(x0)) M-
Moreover, if {1(x)}xexare triangular then Iet D(X) (resp. N(X)) be
diagonal (resp. nilpotent) letter matrix s.t. M(X) = D(X) + N(X).
One has
M(X*) = ((D(X*) T(X))* D(X")).
On the other hand, the modules generated by the following
families are closed by conc, w and coproducts :
(Fo) E1X,'1 - EinJ-Ej+17 where Xj, € X, Ex € (Crat<<X0>>,
(F) Eixi ... EjxjEj+1, where x; € X,Ey € Crat((xy ),
(Fg) E1X,'1 - EinjEj+1, where X, € X, Ex € (Cgitc/((X»
It follows then,
1. R is linear combination of expressions in the form (Fy) (resp.
(F1)) iff M(x)M(xo) (resp. M(x3)M(x1)) is nilpotent,
2. R is linear combination of expressions in the form (Fp) iff L is
solvable. Hence, if R € CI2! (X)) w C(X) then L is solvable.



MORE ABOUT CONTANTS OF INTEGRATION



Extension of Li, (C = C{z?, (1 — 2)®}. pec)

Theorem
1. {Liy}wex~ is C-linearly independent. Moreover, the kernel of the
following map is the w -ideal is generated by x§ w x{ — x{ +1
Li, : (Cmt <<X>> u (C<X>, [ ,1)(*) —» (C{Liw}wex*,., 19), R Lig

exc

3. ie. . Note also that



Extension of Li, (C = C{z?, (1 — 2)®}. pec)
Theorem
1. {Liy}wex~ is C-linearly independent. Moreover, the kernel of the
following map is the w -ideal is generated by x§ w x{ — x{ +1
Li, : ((ngf(((X)) u (C<X>, [ ,1)(*) —» (C{Liw}wex*,., 19), R Lig
2. The algebra C{Liy }wex~ is closed under the differential operators

0p = 20,0, = (1 — 2)0,, and under their sections® 19, 1.

3. i.e. Oprg = 0111 = Id. Note also that [90,91] = 0ot 61 = O-.



Extension of Li, (C = C{z?, (1 — 2)®}. pec)

Theorem
1. {Liy}wex~ is C-linearly independent. Moreover, the kernel of the
following map is the w -ideal is generated by x§ w x{ — x{ +1
Li, : (Cmt <<X>> u (C<X>, [ 71X*) —» (C{Liw}wex*,., 19), R Lig

exc

2. The algebra C{Liy }wex~ is closed under the differential operators

0p = 20,0, = (1 — 2)0,, and under their sections® 19, 1.

3. The bi-integro differential algebra (C{Li, }wex=, 60,01, to,t1) is
closed under the action of the group of transformations, G,
generated by {z+ 1 — z,z+ z71}, permuting {0,1, +oc} :

Vh € C{Liy }wex~, Vg €3G, h(g) € C{Liy}wex+-

3. i.e. Oprg = 0111 = Id. Note also that [90,91] = 0ot 61 = O-.



Extension of Li, (C = C{z?, (1 — 2)®}. pec)

Theorem

1.

{Liy }wex~ is C-linearly independent. Moreover, the kernel of the
following map is the w -ideal is generated by x§ w x{ — x{ +1
Li, : (Cmt <<X>> u (C<X>, [ 71X*) —» (C{Liw}wex*,., 19), R Lig

exc

The algebra C{Li,, }wex- Is closed under the differential operators

0p = 20,0, = (1 — 2)0,, and under their sections® 19, 1.

The bi-integro differential algebra (C{Liy }wex+, 00,601, t0,t1) is

closed under the action of the group of transformations, G,

generated by {z+ 1 — z,z+ z71}, permuting {0,1, +oc} :
Vh € C{Liy }wex~, Vg €3G, h(g) € C{Liy}wex+-

IFR € CL(X) w C{X) (resp. Ci24(X)) then Lig € C{Liu}uex-

exc exc

(resp. Cllog(z), log(1 — z2)]).
If R € C™"((X)) of minimal representation of dimension N then
¥(20,2) = aZ(R) =: (R | Cpyooz) = (R | L(2)(L(20)) ).
Moreover, {00y }o<n<n—1 are C-linearly independent and there
exists ay, ..., a1, ap € C such that
(anON +ay_ 10N 1+ ...+ 210, + a9)y = 0.

3. i.e. Oprg = 0111 = Id. Note also that [00,91] = Oo=+ 61 = 0.



Extension of H,

Lemma (Kleene stars of the plane)
For any r > 1, the arithmetic function H- is transcendent and
k—1
k (=t")
¥t e C,lt|<1, Heryye =) Hyth = exp<ZHWk ‘
k>0 k>1
By identification the coefficients of t* and by injectivity, one gets

)k 1
Y;k = eme(Z}/kr >7

k>1
EIH

NG (=)= (i)
D D

S1seees s >0
S1+...+ks =k



Extension of H,

Lemma (Kleene stars of the plane)
For any r > 1, the arithmetic function H- is transcendent and

—tr k—1
\V/t S C, | t|< 1, H(tryr)* = ZHy{k tkf = exp (Z Hyk,(k)>‘

k>0 k>1
By identification the coefficients of t* and by injectivity, one gets

)k 1
Y;k = eme(Z}/kr >7

k>1

k [EIEY N
kK _ (71) (*Yr) (*}/kr)
DY 1 T g

S1seees s >0

51+4.4+ksk:k
Lemma

For any s > 1, let a5, bs € C. Then

<Z asys> . <Z bsys> = <Z(as +bs)ys + ) asbrys+r> |

s>1 s>1 s>1 r,s>1
Hence, for |as|< 1, | bs|< 1,|as + bs|< 1,

(s (@t be)yst 3, ooy asbryerr)* = (S asye) BT 5 buye)



Families of eulerian functions

For r > 2 and |t|< 1, let

£)=yt—>»_ g‘(k)(_lf) and f,(t

k>2

4. Note that 'y, (t) =T(t) and By, (a, b) =

= kr

k>1

B(a, b) =T (a)l(b)/F(a+ b).



Families of eulerian functions

For r > 2 and |t|< 1, let
(—t)k (_tr)k—l
AGERIEDY C(k)>—— and fi(t) := ZC(kr)T.
k>2 k>1
Proposition
The family {f,},>1 is linearly independent and the family
{exp(f;)}r>1 is linearly independent.

4. Note that 'y, (t) = (t) and By, (a, b) = B(a, b) = T(a)l(b)/T'(a + b).



Families of eulerian functions

For r >2and |t|< 1, let

—t k—1
t) = yt—Zg(k)(k) and f,(t) := Y (( (kry TES
k>2 k>1
Proposition
The family {f,},>1 is linearly independent and the family
{exp(f;)}r>1 is linearly independent.
For any r > 1 and |t|< 1, oneput4r (1+t —f(t) g t.

= €
1
N exp(“‘kzj( !
Il

1 k 1
rara - *(Z0 )

k>1

(145)
(1+5)

and
My.(a)ly, (b)

By,(a, b) := r(a+b)

4. Note that 'y, (t) = (t) and By, (a, b) = B(a, b) = T(a)l(b)/T'(a + b).



Extended double regularization by Newton-Girard formula

Theorem
The characters ( ,, and v, are extended algebraically as follows

Cu : ((C<X> s CgitC«X)), w ,1)(*) — (Cv'vl)v
vt e C,|t]|< 1, (txo)*, (tx1)* — lc.
Yot (C(Y) @ {C™ (yr ) }r21, w1, 1y+)  — (C,.,1),
VteC,lt|< 1,Vr > 1,(t"y,)* — T H1+1).
5. 1In particular, (asys+aryrtasarysyr)* = (asys)*  (aryr)* and (—a2ys)*

(asys)* (—asys)* -



Extended double regularization by Newton-Girard formula

Theorem
The characters ( ,, and v, are extended algebraically as follows
Cuw : ((C<X> w Cg;tC«X)), w ,1)(*) — (Cv'vl)v
vt e C,|t]|< 1, (txo)*, (tx1)* — lc.
Yo ((C<Y>Lﬂ{(crat<<yf>>}f21’ ttj?]'Y*) — ((Cy')l)v
VteC,lt|< 1,Vr > 1,(t"y,)* — T H1+1).

Moreover, the morphism (C[{(y,)*}r>1], w1, Ly+) = (C[{exp(f;)},>1], X, 1),
mapping y; to I !, is injective and T, (1 —t) =T, (1+t)F, (1 — t).

5' In partlcular, (asys+aryr+asarys+r)* = (asys)* (aryr)* and (7a§y25)*

(asys)* (—asys)* -



Extended double regularization by Newton-Girard formula

Theorem
The characters ( ,, and v, are extended algebraically as follows
Cuw : ((C<X> w Cg;tC«X)), w ,1)(*) — (Cv'vl)v
vt e C,|t]|< 1, (txo)*, (tx1)* — lc.
Ve - ((C<Y>Lﬂ{(crat<<yf>>}f21’ ttj?]'Y*) — ((Cy')l)v
VteC,lt|< 1,Vr > 1,(t"y,)* — T H1+1).

Moreover, the morphism (C[{(y,)*}r>1], w1, Ly+) = (C[{exp(f;)},>1], X, 1),
mapping y; to I !, is injective and T, (1 —t) =T, (1+t)F, (1 — t).
Corollary
For any® s > 1, let as,bs € C, |as|< 1, | bs|< 1,|as + bs|< 1,

,7/(2521(35+b5)ys+2,7521 asbrysir)* = ,y(zszl asYs)*A/(2521 bsys)* -

5. In particular, Viagystayitasaysir)® = V(asys)* V(ay)* ANd V(a2
Py(as}’s)* ’y(_as}’s)* "



Extended double regularization by Newton-Girard formula

Theorem
The characters ( ,, and v, are extended algebraically as follows
Cuw : ((C<X> w Céi&z«X», w ,1)(*) — (Cv'»l)v
vt e C,|t]|< 1, (txo)*, (tx1)* — lc.
Ve ((C<Y>Lﬂ{(crat<<yf>>}f21’ ttj?]'Y*) — (C7'71)7
VteC,lt|< 1,Vr > 1,(t"y,)* — T H1+1).

Moreover, the morphism (C[{(y,)*}r>1], w1, Ly+) = (C[{exp(f;)},>1], X, 1),
mapping y; to I !, is injective and T, (1 —t) =T, (1+t)F, (1 — t).
Corollary
For any® s > 1, let as,bs € C, |as|< 1, | bs|< 1,|as + bs|< 1,

V(es1(astbe)ys 2, 51 asbrysir)* = V(X mq asvs)* V(Zosq bsys)*-

Corollary (comparison formula)
For any z,a,b € C such that |z|< 1 and R®a > 0,%b > 0, one has

Lisg[(ax0)* w ((1-b)x)1(2) = Lig[(a—1)x0)* w (~bu)+1(2) = B(z; a, b),

B(a, b) = — (a+b=tin)" = (o (ol(ax)* w (1 - b)x1)*])
Y((a—1)y1)* W ((b—1)y1)*
= Cu Gal((a—1)x0)* w (=bxa)"]).
5. In particular, V(asystaryrtasarysir)® = V(asys)* V(aryr)* and ’\/(733)’25)*

Py(as}’s)* ’Y(_as}’s)* "



Riemann zeta function and eulerian functions
For v =—u (Ju|< 1), one gets

1 u2k
- af(+u) exp(_kzzf(zk)k

> _ sin(ur)

um




Riemann zeta function and eulerian functions
For v =—u (Ju|< 1), one gets

1 u2k

= — 2k)—

M- o)1+ o) eXp( ;C( )%

Taking the logarithms and then taking_the Taylor expansions, one obtains

SO SCOL '°g(1+§(£27)n)

- 1 -1 .y
- SEES o ¥ s

> _ sin(ur)

um




Riemann zeta function and eulerian functions
For v =—u (Ju|< 1), one gets

r(17u)1r(1+u N ( > C(2h) > SinLE:r)'

k>1
Taking the logarithms and then taking the Taylor expansions, one obtains

SO SCOL '°g(1+§(£27)n)

k>1
/
_ (=1"* . \2k 1
e A ST | (e
>1 k>1 Ny, n>1 =1
n+...+n=k
/
_ 2k (=1t 1
= 2 (@m* ) —— > e
k>1 >1 ny >l =1
ny+...+n=k
One can deduce then the foIIowing expression for C(2k)
¢(2k) (—1)< 1
S Z > H 16
npeem>1 =1
ni+...+n=k
Euler gave an other explicit formula using Bernoulli numbers {by }xen :
@k _ bk

(2ir)2% ~  2(2k)!



Polyzetas and extended eulerian functions

) = o) V(=)
& r, (1-1) = I, (1 Jr_t)ry—1 (1-1)
o o Tim (PR K _ sin(tm)
tm




Polyzetas and extended

’Z(l_tzyz)*
& r, (1-1)

=S e Zkzz C(2k)t2k/k

Z(ft“y‘l)*
= Iy (1-1)

= 67 Zk21 C(4k)t4k/k

eulerian functions

_17('?}’1)*7(:?1)*
. 1+ t)ry1 (1-1)
sin(tm)
tm

ﬁ//(tzyz)* 0l

M1+ 1)

/(:
r)’z

t2y2)*

H(1- 1)

sin(itr) sin(tm)

itmw

tmw

(tir)2k
k; (2k)!
2(—4tm)tk



Polyzetas and extended eulerian functions

T (=t2y2)* = V)= (- tyl)*
& I';zl(l—t) =T, (1+t)(r )(1—t) -
— Sk CRREH K _ sin(tm) . tim
& e 2k — _ .
tmw kzz:1 (2k)!
V(= ttya)* = V(£2y2)* Y (—2ys)*
& M- = T 1-t) k
o o S (Rt ik _ sinfitr) sin(tr) 3 2(—4em)™
itm tm =~ (4k +2)!

Since V(- ey = C((—t'ya)")s V=) = C((=1232) ) Ye2yo) = C((E2y2)")

then, using the poly-morphism (, one deduces

C(=ttya)") = C((—2x2) )C((£Py2)) = C((—tPx0x1)")C((tPx0x1)"))
= (((—tPx0x)" w (Px0x1)") = C((—4t"xxT)).



Polyzetas and extended eulerian functions

"/(l—tzyz)* = 1“/(ty1)*“/(_§y1)*
& -t = +_t)(r;1)(1 —t) -~
— T2 SRRk sin(tm) . tim
& e Zuz = _ .
tm k%:l (2k)!
Tt = ) (-t
e a-n = (-1 .
o o Timctnk _ sin(itm)sin(tm) = Zm
itm tm =~ (4k +2)!

Since Y(— ey = C((—t*ya)*), Y e2yn) = C((—2¥2)), V(e2yn) = C((2y2)")
then, using the poly-morphism (, one deduces
C(=ttya)") = C((—2x2) )C((£Py2)) = C((—tPx0x1)")C((tPx0x1)"))

= (= t2xox1)" w (t2x0x1)*) = C((—4t*x5x7)").

It follows then, by identification the coeffients of t2k and t** :
ktimes
—
¢(2,... ,2)/7r2k =1/2k+ 1)l €Q,
ktimes ktimes

C(3,1,...,3,1)/n* = ak¢(a, ... 4) /% =2/(4k + 2)! € Q.

THANK YOU FOR YOUR ATTENTION



