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APPLICATIONS AND MOTIVATIONS

e Engineering Disciplines:
e Signal Processing,
o Scientific Data Analysis,
e Statistics,
o Bioinformatics,
e Neuroscience.

e Algebraic Statistics Models:

o Phylogenetic Trees Model,
e The Analysis of Contents of Web Pages Model.
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FIBER CROSSING DETECTION MODEL

Modeling the Fibers Orientation Function ODF which describes the
diffusion of white matter in brain, by a tensor T of dimension 3 and order
4.
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ODF TENSOR:NUMERICAL RESULTS

10720 30 40 30 60 70 80 90
inpt angle

F1cUrE: Angular error between input and output directions
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THE ANALYSIS OF CONTENTS OF WEB PAGES MODEL

document 3:L3 words
document 2:12 words

dockment 111 words

Tow York Tonos Magazine
-
onglish wcw/h/ﬂg/

7 words
H documents

* Collection: N documents
* What is the topic of a document?

* Each document is represented by a vector ¢ € R” where each component is the
occurence of a word drawn from a vocabulary which contains n words. This is a
sparse vector. 6/53



LEARNING PHASE

Theorem: Let x1,x2,x3 be the first three words of a corpus independently drawn
from a discrete distribution specified by the >-7_; hi&;. If

My := P(x1) (1)
Mo = P(xq (2
and
M3z = P(x1 @ x2 ® x3)
ap
- P(M1 ® x1 ® x2) + P(x1 ® M1 @ x2) + P(x1 ® x2 @ M
a0+2( (M1 ® x1 ® x2) (x1 1 ® x2) (x1 ® x2 1)) 3)
203 M@ My @ M
T a0+ 2)ao r1) HEMEM
then
2
Z(ao T 1y(ag) )
and

Z 7 (a0 +2 )(o + 1)ao

where &5 = (§p,1,---,&p,n) € Rn'
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LEARNING PHASE

We compute the 1-order tensors associated to all ¢ vectors Mi. and we compute
the mean My € R"” of all of them.

We compute the 2-order tensors associated to all ¢ vectors Ma. and we compute
the mean M, € R™" of all of them.

We compute the singular value decomposition of My = USUT and the whitening
matrix W = U,S,” % € R"™*"

We compute the 3-order compressed tensors Kz € R™*"™*":
K3e = (WT, wrT, WT).M3C where M3, € R™™" and we compute the mean
K3z € R™™" of all of them. .
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LEARNING PHASE

_3-order tensor

mmgemeﬂt

* We decompose the tensor K3 = > w;u; ® u; ® u; and deduce the decomposition
M3 =37 wip; ® p; ® pi where p; = Wu; o/53



LEARNING PHASE

x Each topic is represented by a probability vector and each component of it is equal
to the probability of a word belongs to this topic

x Project a vector ¢ corresponding to a fixed document on the new basis of vectors to
compute the weights of each topic in the document.

tg&z’a‘.’%ﬁ’h’c‘a‘

Yodokdokok

yowrﬂmeflt
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Ks[3517

70000 a@m’”"”m
0 0084,
200 W ords
-0.0094, 007
r = 3
a0 = 0.07
K3[%:27 s
00084 10078

1.0078,
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Points =

u; | aio aii aj2 bi o b1 bj 2 Ci.0 Ci1 Ci2
up 1.0 -0.0936 | -1.4190 1.0 -0.0936 | -1.4199 1.0 -0.0936 | -1.4190
us 1.0 -1.1394 0.7793 1.0 -1.1394 0.7790 1.0 -1.1394 0.7793
usz 1.0 1.3 0.6183 1.0 1.3 0.6182 1.0 1.3 0.6183
w1 0.3394

Weights = w2 0.3510

777777 w3 | 0.3248

r=2
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DUAL SPACE

Power Formal series :

= Ua eyl

a€eN?

Linear Functional :

c:Clx] —» C

p= ZGEACN" PaX® <U | P> = ZaeAan PaOq-

" =" =Clly]]
Lo(CY') = C[x]
~~ Hankel Operator :
Ho : Clx] — Cllyl]
p = pxo
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HANKEL MATRICES

X
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Hankel Matrices:

H = [oi4j]o<i<io<j<m
Multivariate Hankel Matrices:

H = [0a+slacapes

Multivariate Hankel operators:o = (04 )aenr € CN" s

Hy : Lo(CY) — Y

(pa)a = (Z paaa—b—ﬂ)ﬂEN"
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The moment matrix H2'5 of o1 (x?)ges and (L7)aca ~

HYP = [0a+placaseb.

The evaluation at &:
ec(y) = Yaem " Gy = &¢
~Vp € R, <eclp>= ) e P = p(§).

o He. i prr pregs = p({)eg,
o HME =[P sep aca, if HAE #0
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DECOMPOSITION OF HANKEL MATRICES

DECOMPOSITION OF QUOTIENT ALGEBRA

Theorem:When the roots are simple, I, kernel of Hy, :: A; = C[x]/l, quotient
algebra ~~

00 =3 ;wiee(y) with w; € C are non-zeros, £; € C" where &; are distinct.
® Hy is of rank r and the roots of multiplicity one.

® (eg,,...,€¢ ) is a basis of A%.

The decomposition problem o as a weighted sum of products of power of linear forms
reduces to the solution of the polynomial equations p = 0 for p in the kernel I, of H.
v

C[x]/ls is Artinian :: finite dimension over C
~ p and V(Ip) = {&1,..., &} ={£ € C" |Vp € Iy, p(§) = 0}

~» decomposition of A as a sum of sub-algebras:
A=CX]/lo =A1 D --- DA,

where A; = ug; A ~ C[x]/Q; and Q; is the primary component of / associated to
the root ¢; € C".

The idempotents ug, ..., ug, ugl_(x) =ug,(x), i ug(x) =1
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DECOMPOSITION OF HANKEL MATRICES

MuLTIPLICATION OPERATOR

Multiplication Operator: g € C[x], M,

Mg: A = A
h = Mg(h)=gh

Transpose of Multiplication Operator:

M A - A
A MS(A) =AoM, =g +A.
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DECOMPOSITION OF HANKEL MATRICES

EIGENVALUES AND EIGENVECTORS

Theorem: Let / ideal of C[x] and V(/) = {{1,&2,...,& } such that &;
are simple =

e Vg € A, the eigenvalues of M, and M, T are the values
g(&1),...,g(&) of the polynomial g at the roots with multiplicities
i = dim yll; =1.

e The eigenvectors common to all M, with g € Aare-uptoa
scalar - the evaluations e, , ..., e, .

e If g is separating the roots, i.e. g(&,) # g(&q) for p # g, then the

eigenvectors of M, are, up to a scalar, interpolation polynomials ug,
at the roots &;.
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DECOMPOSITION OF HANKEL MATRICES

BAses

Lemma:let B = {by,..., b}, B ={bi,..., b’} C C[x]. If the matrix
HEB" = ((o|bib}))1<ij<r is invertible = B and B’ are linearly
independent in A,.
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DECOMPOSITION OF HANKEL MATRICES

MULTIPLICATION OPERATOR VIA TRUNCATED HANKEL MATRICES

Proposition: Let B, B’ be basis of A, and g € C[x]. We have

HB B’ _ (MgB)THB,B’ _ HE,B/ MgB/. (5)

gxo o

where M5 (resp. l\/lgB/) is the matrix of the multiplication by g in the
basis B (resp. B’) of A,.

Let o(y) = Y_._, wieg,(y) with w; € C\ {0} and &; € C” distinct and
simple.
Let B, B’ be bases of A, ~~
e For g € C[x], M, (HB BY-1HBE
(M B)™ = Hgeg (HEE)
e For g € C[x], the generalized eigenvalues of (HEE' HEE'Y are
g(&;) with multiplicity 1, i = 1,.
e The generalized eigenvectors common to all (HE,E' HBE' ) for
g € C[x] are - up to a scalar - (HEE)1B(¢), i=1,...,
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SINGULAR VALUE DECOMPOSITION

* Oq, |Oé| S d, dl + dQSd, A1 = (Xa)|a|gd1 and A2 = (XB)|,6|§d2

Truncated Hankel operator associated to o is:

Havd2 Clxl,, — (Clx],)"
p —  pxo

Truncated Hankel matrix H%:%
Singular Value Decomposition

H%% = ysvT

* Vectors:u; = (U, iJacas, Vi = [Va, ]sea = it and j" col of U" and V
* Polynomials:u;(x) = uf A1 =3, <4, Ua,ix* and

vi(x) = v A = E|5\§d2 Vﬁ,jxﬁ- o

* Bases: U" := (uj(x))i=1,...,r and V, 1= (vj(x))j=1,....r
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MULTIPLICATION IN THE ORTHOGONAL BASIS

AND COMPUTATION OF WEIGHTS

Proposition: If rank H%:% = r,
xthe sets of polynomials U," and V, are bases of A,.
*The matrix /\/IXV associated to the multiplication operator by x; in
the basis V, of A, is MY = 5,71 U Hi®EV, i=1,...,n

Proposition: Let 0 = Y, w; e, with w; € C\ {0},

& =(&i1,--,6in) € C" and MY" be the matrix of multiplication by x;
in the basis V,. Let v; be a common eigenvector of MZ', j=1,..,nfor
the eigenvalues &; ;. = the weight of e¢; in the decomposition of ¢ is
[1]7 H - V v

i = .
[fa aEAz rVi
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Algorithm 3.1: Decomposition of polynomial-exponential series with con-
stant weights

Input: the moments o, of o for || < d.

Let dy and d2 be positive integers such that dy + d2 + 1 = d, for example dy := (dz;l] and
dr = Ld;—lj

1. Compute the Hankel matrix Hgl’dz = [0(a+p)ljaj<qd, Of o in for the monomial sets
|B]<d2

Ar = (x")jaj<o and Az = (x7) 5/ <,
2. Compute the singular value decomposition of H?’dz = USVT with singular values
S1 >85> >sn >0
3. Determine its numerical rank, that is, the largest integer r such that % > e
. Vv —1,y Hpd1,d27;7 - dy,da &

4. Form the matrices M,\" = 5,7 " U, Hyiio V., i=1,...,n, where Hyjvo is the

i
Hankel matrix associated to x; x o.
5. Compute the eigenvectors v; of > IiMy; for a random choice of /; in [—1,1],

i=1,...,nand for each j =1,...,r do the following:
a. Compute & ; such that Miv; = & jv; for i =1,...,n and deduce
the point §; := (Ej,lv e ,fj’n).

<eoly()> _ W7 HE 2 Y,y where [1] is the

b. Compute w; =

vil€) T € Een, Ve Y
coefficient vector of 1 in the basis A;.
Output: r € N, w; € C\(0), & € C", j=1,...,rsuch that o(y) = >0/_; wj egj(y) up to degree

d.
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DECOMPOSITION ALGORITHM:NUMERICAL RESULTS

e
12 16 14 -12  -10 2 ] -4 -2 1}
= =
A N o ~ -
~
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log(en')/‘\'
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N~ e it
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-10

5 — =10 — = 20 — -r=30] ‘ =5 —-rl0— = =0 — -=30]
n=3 d&=10 M=I n=3 d=10 M=160

FIGURE: The evolution of the error in terms of the perturbation ¢ = 10~ on

the moments of the form o + €(pa + iga) with amplitude M for different
values of r.
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DECOMPOSITION ALGORITHM:NUMERICAL RESULTS

St

—_——

n=2 —-p=3 —-— n=4 — -n—5|

a=10 =15 M=1

[—d8 —-d=l0 —-—d=12 — -d=16]
r=3 r=15 M=1

FIGURE: The evolution of the error in terms of the perturbation ¢ = 10-) on
the moments of the form oo + €(pa + iga) with amplitude M = 1 for different
values of d and n.
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DECOMPOSITION ALGORITHM:NUMERICAL RESULTS

logret) -4 loglerd)

A\
/ ) <\ w ke
v
'(.‘/“‘.\ {3(/-/>f \P_yj\¢}>_‘af/ \//_‘\..__/\_-/ ~ 3 -8/
‘\\.7 i N ,Il \_( /, v :.\{f_‘_k‘-u-".\\/\- “_V\‘/J/‘\'-;?
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[——d=8 —-d=10 = = d=12 — -d=l6] n=2 — -n=3 —-— n=4 — -n=5]
n=3 r=20 M=100 d=10 =15 M=106

FIGURE: The evolution of the error in terms of the perturbation ¢ = 10~ on
the moments of the form oo + €(pa + iga) with amplitude M = 10 for different
values of d and n.
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RESCALING

* A #£0,

Z 004 —)U(y Z )\|O“0-a al’

acN" ! aEN?

v eg(Ay) = exe(y)-
* Decomposition of §(y) = o(Ay) from the moments &, = Al%lo,.

* Inverse Scaling of frequencies &; = & = (63\1 ey i)

k) o= L — _M3Xa|=g|al
A= - where m = e g 1]o]
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RESCALING NUMERICAL INFLUENCE

Log(M)

-3
loglrel erf)

[r=5] — - [r=10] —-— [r=20] — -[r=30]]

n=3 d=10 with rescaling

FIGURE: The evolution of the relative error in terms of the amplitude M for
different values of r.
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MULTI-SYMMETRIC TENSOR

(Ej)i<j<kldim(E;) = nj+ 1, Ej = (x;) = (%), ..., X))

S%(E;) = {p(x;)homogeneous, degree(p(x;)) = d;}.

Sé(E) = 851(E1) ® 862(E2) R...Q Sdk(Ek).
[T] € S°(E) is a multi symmetric tensor.

Notation: x = (xq,...,x,) and a = (a1,...,ax) and
x; = (X515 -+ Xiin;) and a; = (0,5 n)
so that T(xl, . xk) D e ja|<s; Lo, X Where

X Hj IHp 1%.p%"
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MULTI-SYMMETRIC TENSOR

T(x) = T(x1,...,Xk) : an multi-homogeneous polynomial of degree ¢; in

the variable x; = (xj0,...,X,,) ~

[T] = [ta;,a’z,...,a;] o =5, multi symmetric array of coefficients such
ajl-GN"f“

that each a; = (O[J-,pj)ospjgnj is a multi-index for 1 < j < k.

Let u,-,‘,-707é0,j=17...7k7i:1,...,r,
then for (ujjo) =1and xjg =1~

e R=Cl[xy,%p,..., %] where x; = (xj1,...,%.,) for j=1,...,k

) R51,5z,..‘,5k: {T S Sé(E)|Xj’0 = 1,j = 1, ceey k}
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MULTI SYMMETRIC TENSOR DECOMPOSITION

Sum of products of power of linear forms:

T (X1, X2, Xk) = D lwpui 1(x1)u 22(xz) ui*k(xk) where
Upj(Xj) = UpjXj + Upj1Xj1 + .+ UpjnXjn and

k . . .. .
Up = (Upj,p;)o<pi<n; € (szzi("fﬂ) is the coefficient vector associated to
1<j<k

the linear forms up, j(x;) in the basis x; for j = 1,..., k.

Rank r of T: Minimal number of terms in a decomposition of T(x).

For |aJ| < (S we denot _J = (5_] — |ozj|,aj’1, .. "aj,nj)hj = 1, ey k
We identify ¢, / =ty . -

.,Dzk

By a generic change of coordinates in each E;, we may assume that u, ; # 0 and that
T has an affine decomposition. Then by scaling up(x) and multiplying wp by the sth
power of the scaling factor we may assume that u, ;=1 for p=1,...,r and

j=1,...,k. Thus the polynomial s s
I(x) = Zp:lwpup (x) = 32y wiup (xy)up 5 (xp) -, ()

w
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T1(x1,%2, ..., %0), Ta(x1,%2,...,%c) € S(E) ~
Apolar Product:

1 —(2 5
(T1(Xq5 X0, -5 X4 )y T2(X1, X050 5 X)) = Z\aﬂgaj ‘7‘(11),622,<-<,ako'(0t1)7¢l27»-»»ak (a)

OszNnj
8 & 3 5
where (a) = (ai) (azz) e (ai)
.
Dual Operator:
T (R51,(52,~~,5k) - (R51,52,~-75k)* (6)
T2 = TH(T2) =(I(x), T2(x)) (7)
v
For T = (tay,az.....ax ) oy <s; € S°(E)~
ajeN"/'
5.4 —1 -1 -1
.O’al,az,.“,ak(—r) = Oajy,az,...,a; — ta1,o¢z,.4.,ak 211) (izz) o (i;) .

@ Dual via the formal power series:

. (y1)® (y2)%2  (yx)%*
T (Y1:y2’~-~7Yk): § Oag,az,...,00 — = — B —
aq! ap! ay!
lej| <6
ajeNnj

where(yj)a‘j = (Y1 --- 7yj,"j)(D‘j’aj’:""”’ozj’"j) = H;j::o (}77Pj)aj,pj for
j=1,...,k
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Dual of u‘i‘ug2 ... ug% is the evaluation e, at u = (ug,uz,...,ug). J

Thus if 7 =37 wiufiul% .. u; %, then T* coincides with the
weighted sum of evaluations T* = wa,- ey, on Rs, 5,6,
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MULTI-LINEAR TENSOR DECOMPOSITION PROBLEM

As A
e [y = Hrl* = [ta+ﬁ]a€A1ﬁeA2
) Hl,i1 = I‘IA:L’A2

i AvA2
T = Hrd

S

o Ho=> " oAt

= [t‘)‘+B]aEx1,il *A1,B€EA2

A
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e Truncated Singular Value Decomposition: Hg 'HX1,:'1 and Iflo ~s HE JHT

- X1,iy
Ho
¢ r UMHNT r Vv
Hl o = (MU )THG = HemY:,
where Mﬁi’l (resp MX " ) is the multiplication matrix by xy j; in the basis U

(resp. V) and Mxl’),.1 is the multiplication matrix by x; j; in the basis V..

@ By linearity: H- = oA Hi = HE YR 0 A, M H’MV’ =

X1,ip A(x1)

(Fp) ™ = (Y5 ) (Ho) ™

—1 V, —1p4V, _ pqV,
(o) M HE, = (MY ) TIME L = MO i)

We compute the eigenvalues and the eigenvectors of the multiplication matrices
v, . . . . .
M(X1 /A ) in order to obtain the weights and the points of the decomposition.
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MULTIPLICATION OPERATORS IN THE ORTHOGONAL
BASIS

Proposition: Let 0 = >_7_; wie¢, with w; € C, &; € C" are simple.
If rank HA1A2 = r,

oThe matrix MZ_’(,I associated to the multiplication operator by y; in

the basis V/, of A, is MXVI',_1 =S -1uH Hflf;f‘fa V,i=1,...,n.
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Algorithm 5.1: Decomposition of Tri-Linear Tensor with constant weights

the moments (t; j «)o<i<n, of 0.
0<j<na
0<k<ns

1. Compute the monomial sets A1= (xj)o<i<n, and A= (zx)o<k<ns and
substitute the xo, yo and zp by 1 to define A; and As.

2. Compute the truncated Hankel matrix Hf}l’Az for the monomial sets A; and
As.

3. Compute the singular value decomposition of HA:"A2 = USVT where
A1l = (1,x1,...,%n ) and Az = (1,21, .., zn,) with singular values
s1>8>---2>5 >0.

4. Determine its numerical rank, that is, the largest integer r such that % > e.

5. Form the multiplication matrices by x j, in the basis V,,

Mx‘g o = =S, UH HXA;j’AfU V., where HAl’ 2, is the Hankel matrix associated to
X2, 0 for j=1,...,n.
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6. Compute the eigenvectors v, of ZJEI IJ-M)ZCJ.Z such that |j| <1,j=1,...,m
and for each p =1, ..., r do the following:
e The y’'s coordinates of the u, are the eigenvalues of the
multiplication matrices by x2 j,. Use the formula MV’ Vo = bpjvp
forp=1,...,randj=1,... nzanddeducethebp,
o Write the matrix H21%2 in the basis of interpolation
polynomials(ie. the eigenvectors v,,) and use the corresponding
matrix 7 = [0(x3,;3Vj)]1<i<ns to compute the z’s coordinates. Divide
1<j<r
the k™ row on the first row of the matrix 7 to obtain the values of
copkforp=1,...;,rand k=1,...,n3
e The x’s coordinates of u, are computed using the eigenvectors of
the transpose of the matrix M " . They -are up to scalar- the
evaluatlons they are represented by vectors of the form

Vi = p[l,3p1, - - - 3p,ny]. Compute v} as the p* column of the
transpose of the inverse of the matrix V = [v1,..., v] for
p= 1,4..7r and deduce a,,; = V’;g;]l] forp=1,...,r and
i=1,.
(o]vp)
° Compute wp = vp(u:;) .

39/53



EX3:DECOMPOSITION OF REAL COEFFICIENTS
TENSOR

x = (xo0, X1, X2, X3),¥ = (Yo, y1,¥2,¥3), X = (20, 21, 22, 23).

P(x,y,z)= 0.0264x0y020 — 0.0207x0y02z1 — 0.0065x0y0z2 — 0.0208x0y0z3 — 0.0512x0y120 +
0.0315x0y12z1 — 0.0353%0y122 + .1331x0y123 + 0.0056x0y220 — 0.0194x0 Y221 + 0.0256x0 Y222 —
.1072x0y223 — 0.0249x0y320 + 0.0231x0y321 + 0.0071x0y322 + 0.0261x0y323 — 0.0017x7 yoZo —
0.0196x1y0z1 — 0.0173x1y0z2 — 0.0092x1 yoz3 + .1287x1y120 + 0.0253x1y121 + 0.04x1y12> +
0.0464x1y12z3 — 0.0149x1 Y229 + 0.0284x1 y22z1 + 0.0117x3 y22> + 0.0347x1 Y223 — 0.0101x3 y320 +
0.0146x1y321 + 0.0131x1y32z> — 0.0005x1y323 — 0.0199x2y020 + 0.0202x2y021 +

0.0025x2y022 + 0.0329x2y023 + 0.0528x2y129 — 0.0661x2y123 + 0.0352x2y1 22 — .2197x2y123 —
0.0268x2y220 + 0.0411x2y223 — 0.0288x2y222 + .1569x2y223 + 0.0209x2y320 — 0.022x2y323 —
0.002x2y3z2> — 0.038x2y323 + 0.0267x3y020 — 0.0225x3y021 — 0.0181x3y022 + 0.0028x3y023 +
0.0257x3y120 — 0.0267x3y121 — 0.005x3y122 — 0.0399x3y123 — 0.038x3y220 + 0.0359x3y221 +
0.0157x3y222 + 0.03x3y223 — 0.0268x3y329 + 0.0225x3y321 + 0.0185x3)y322 — 0.0036x3y323
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1 X1 X2 X3
o to,0,0 ti,00 t200 t300] 1
HALAz — UsvT = to,0,1 ti,01 t201 3,01 21
7 t0,0,2 t102 12,02 t302| 22
to,03 t1,03 20,3 13,03d Zz3
1 X1 X2 X3
0.0264 —0.0017 —0.0199 0.0267 1
_ |—0.0207 0.0196 0.0202 —0.0225| =z
—0.0065 —0.0173 0.0025 —0.0181| =z
—0.0208 —0.0092 0.0329 0.0028 z3
v
0. 0681 0 0
284 0 0
S= 0.0199 0
0 3.3112% 10712

epsilon= 10710 r=
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yil
t0,0,0
Héb’zz — |to0,1
00,2
t0,0,3

fori=1,...,n

YiX1
t1,0,0
t10.1
t10,2
t1,0,3

Yix2
t2.0,0
20,1
t20,2
20,3

Yix3
30,0
t30,1
t3,0,2
3,03

Z1
22

Z3
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—0.0512 0.1287 ,0.0528 0.0257
HZI,ZZ | 0.0315 0.0253 —0.0661 —0.0267
yic. 7 | —-0.0353 0.04 0.0352 —0.005
0.1331  0.0464 —0.2197 —0.0399

0.0056 —0.0149 —0.0268 —0.038
[ AaAx _ |—0.0194 00284  0.0411  0.0359
v2o ~ = | 0.0256  0.0117 —0.0288 0.0157

—0.1072  0.0347 01569  0.03

—0.0249 —0.0101 0.0209 —0.0268
[ AaAa _ | 00231 00146 —0.022 0.0225
vso - = | 00071  0.0131 —0.002 0.0185

0.0261 —0.0005 —0.038 —0.0036
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u; u uz us
aio 1 1 1
a1 | 0.9535 | -0.2373 | -4.7475
aj> | -0.6526 | -1.4691 | -0.1451
aj 3 1.6178 | -0.2519 | 0.0074
bio 1 1 1
Points =| b;; | 0.5811 | -6.9117 | -6.4635
bio | -1.1104 4.897 -0.5801
b;j3 | -1.0127 | -1.1502 | -0.2973
Ci,0 1 1 1
ci1 | -0.8677 | -1.3065 | 0.4138
ci2 | -0.6216 | 0.5333 0.3747
ci3 | -0.0957 | -3.975 0.7576
wy | 0.0173
Weights = | w» | 0.0055
wz | 0.0035
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COMPLETION OF HANKEL MATRICES

NuMERICAL EXAMPLE
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Minimisation Problem

COMPLETION OF STRUCTURED MATRICES

miniXmize rank(X)

subject to  Pq(X) = Pa(Y)
Convex Relaxation Problem

miniXmize I1X]].

subject to  Pq(X) = Pa(Y)
For7>0

1
minimize 7 || X||, + 5 X1

subject to  Pq(X) = Pa(Y)

=

) QC
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COMPLETION OF STRUCTURED MATRICES

SVT

Generalized Problem

mini)gnize TIX|, + = ||X||F

subject to  A(X) = b

Usawa's Algorithm b = A(Xp),y° = b* ko * &

{ XK =D (A" (y<1))
yK =yt 6k(b — AXR))

Usawa's Algorithm

Amu:kmxﬂ

A*(y, L) = 770 y[i] « L[]
A*A = Pq
A(Y)=b

u]
@
I

w
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NEWTON INFLUENCE
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u;j Uj.0 Uj1 Uj,2
up | 1.0 | 0.4404 | 0.5359
Points = up 1.0 | 0.1324 | 0.4976
uz | 1.0 | 0.6729 | -0.0390
ug | 1.0 | 0.1437 | 0.0410

w1 | 112.805
_ Ta, | 871916
Weights = — = 72,075
wa | 25.028
) Newton Steps
M_S oy Y g
u; | uio Ui Ui

up | 1.0 | 0.4310 | 0.5427
Points = up | 1.0 | 0.1359 | 0.5034
us | 1.0 | 0.3952 | 0.0094
us | 1.0 | 0.0723 | 0.0579

w1 | 100.0
T, [ 1000
Weights = ——“——50.0
wa | 100.0

The error on the series before and after completion and Newton step’is(1.6377e 14
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NEWTON METHOD

* A : finite subset of N”

* wj, & j are variables

* == (fi,j)lgigr,oggn set of variables / f,‘)o =w; fori= 1,...,r

* I =[1,r] x[0,n] ={(i,j) | 1 <i<r,0<j< n} be the indices of the
variables and N = (n+ 1) r = |/

*a €A Fo(Z) =), wi — Gq be the error function for the moment

* F(Z) = (Fu(Z))aea the vector of these error functions

minimize the distance

EE) =5 Y IREP = SIFE)P

acA

49/53



NEWTON METHOD

5 M(E) = [ laca = V() = (00, M(ED) ;e the |A] x N
Vandermonde-like matrix.
Gradient of E(Z)

VE(Z) = (< 9y jyM(Z), F(Z) >)iper = V(E) F(Z)

System
VE(Z)=0
Jacobien:
J=(VE) =< 0 )M(Z)), 0ir jyM(Zjr) > + (< 01y Bir jyM(Ei): F(2) >) i sver i iyer
_ V( )TV( )—‘r (< 8(,J)8(,/ i M(_,) F( )>) (el (i j)el *

i O jyM(Zi) = 0if i # i
Newton iteration:

o1 ==, — J=(VE) IVE(Z,). J
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NEWTON INFLUENCE ON SERIES'DECOMPOSITION

s

=5 == =10 == =20 \ =5 —-1=10 == =20 — - =30]
n=3 a=160 M=1 n=3 a=10 M=100

FIGURE: The evolution of the error in terms of the perturbation ¢ = 10-%) on
the moments of the form oo + €(pa + iga) with amplitude M for different
values of r with 5 Newton iterations.
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CONCLUSIONS AND PERSPECTIVES

* Decomposition algorithm of the low rank the Hankel operator.

* A basis of A, is computed from the Singular Value Decomposition
of a sub-matrix.

* An explicit formula for the weights in terms of the eigenvectors of
multiplication matrices.

* Rescaling technique to improve the numerical quality of the
reconstruction of frequencies.

* Newton iteration

* Singular Value Thresholding Algorithm for the completion of low
rank Hankel matrix

e New technique which solves the numerical instability of the
decomposition problem when the multiplicities of points are more
than one.

e Other applications: the phylogenetic trees and image processing..
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Merci
Thank you
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