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Introduction

The aim of this quick talk is to explain how to extend polylogarithms

m

Li(s,...s )= > ’751275 (1)

...n
m>np>..n,>0 1 r

They are a priori coded by lists (si,...s,) but, when s; € N, they admit an
iterated integral representation and are better coded by words with letters in
X = {x0, x1}. We will use the one-to-one correspondences.

(51,---,5) €NL & x5!~ 1X1...x5’_1><1 EX* X1 Ve ... Y5, €Y (2)

e Li(s)[z] is Jonquiere and, for R(s) > 1, one has Li(s)[1] = {(s)

o Completed by Li(x{) = Iog ( ) this provides a family of independant
functions admitting an analytlc continuation on the cleft plane

C\ (] = 00,0] U [L, +oo]) or C\ {0, 1}.
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Explicit construction of Li

Given a word w, we note |w|y, the number of occurrences of x; within w

1l if w=1x-
z Jo od(w)= if w=xu
=1 e if wesxuand ulg =0 O
OZOZ(S)(U)% If W = Xgu and ‘U‘Xl >0

Of course, the third line of this recursion implies

i n log(z)"
Oéo(Xo)_rE!)

one can check that (a) all the integrals (although improper for the fourth
line) are well defined (b) the series S =3 . af(w) w satisfies (4). We
then have af = Li.
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xoxl2 X1X0X1 ngl x12x0 X0X1X0 xlxg xg
N/ ./ N/ N4
x2 X0X1 X1X0 x3
X1 X0

As an example, we compute some coefficients

wi gy = gy < 2N
(Li | xox) = Liz(2) = E ,ZTZ o (Li | xax) = (Li | xuuux0 — xox1)(2)
(Li | x3x1) = Lis(z) = 2 %; o (Li | xix0) = (—log(1 — z))log(z) — Lia(2)
(Li | x;7'x1) = Li(2) = ;%ﬂ o (Li | xPxo) = (Li | %(xmquxo) — (X1 X0x1) + x0x2)
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Li From Noncommutative Diff. Eq.

The generating series S = ) . Li(w) satisfies (and is unique to do so)

d(S) = (2 +1%)-5
(4)

ima.o —xplog(z) —
llmzesg 5(z)e IH(Q)(<X))
with X = {xp, x1}. This is, up to the sign of xq, the solution Gy of
Drinfel'd [2] for KZ3. We define this unique solution as Li. All Li,, are C-
and even C(z)-linearly independant (see CAP 17 Linear independance
without monodromy [5]).
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Domain of Li (definition)

In order to extend indexation of Li to series, we define Dom(Li;2) (or
Dom(Li)) if the context is clear) as the set of series S =5 ;S
(decomposition by homogeneous components) such that > - Lis,(z)
converges unconditionally for compact convergence in Q. One sets

Lis(z Z Lis,(z (5)

n>0

Starting the ladder

=
.
N

(C{X), s, 1x) ——"— C{Lin}wex-

| |

(XD, w0, L) (=30)"> x¢] —2% Ca{Lin Jwexc

|

Examples

LIX(;‘(Z) =2z, LIXT(Z) = (]_ — Z)_]-’ Liax6«+ﬁxl* (z) — Za(]_ _ Z)_ﬁ
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Properties of the extended Li

With this definition, we have
© Dom(Li) is a shuffle subalgebra of C{(X)) and so is
Dom"™*(Li) := Dom(Li) N C*({(X))
@ For S, T € Dom(Li), we have
Lis,, T = Lis.Lit

Examples and counterexamples

For |t| < 1, one has (txp)*x1 € Dom(Li, D) (D being the open unit slit
disc and Dom(Li, D) defined similarly), whereas xix; ¢ Dom(Li, D).
Indeed, we have to examine the convergence of > - Lixsx (2), but, for
z €]0,1[, one has 0 < z < Liysx, (z) € R and therefore, for these values
> n>0 Lixgx (2) = +o00. Contrariwise one can show that, for [t| <1,

n

Ligsoys (2) = Y1 25
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Passing to harmonic sums H,,, w € Y*

Polylogarithms having a removable singularity at zero

The following proposition helps us characterize their indices.

Let f(z) = (L| P) = >, cx+(P | w) Li,,. The following conditions are
equivalent

i) f can be analytically extended around zero
i) PeC(X)x; ®C.1xx

A,

We recall the expansion (for w € X*x; U {1x+}, |z| < 1)

Liw(
M2 3 Hay(uy(N (6)

1—z
N>0
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Global and local domains

This proposition and the lemma lead us to the following definitions.

@ Global domains.—
Let ) # Q C B (with B = C\{0,1}), we define Domgq(Li) C C{X)) to be
the set of series S =} - Sy (with S, =37, _,(S | w) w each
homogeneous component) such that ) _ Lis, is unconditionally
convergent for the compact convergence (UCC) [4].

As examples, we have €, the doubly cleft plane then
Dom(Li) := Domg, (Li) or Q, = B

@ Local domains around zero (fit with H-theory).—
Here, we consider series S € (C{(X)x1 & C1lx+) (i.e. supp(S) N Xxo = 0).
We consider radii 0 < R < 1, the corresponding open discs
Dr = {z € C| |z| < R} and define

DomR(Li) = {5 = ano 5,, S ((C<<X>>X1 D C].Q)| Z L"S,, (UCC) in DR}
neN

Dom/oc(Li) ‘= Up<r<1 DOmR(Ll)
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Properties of the domains

Q Forall ) # Q C B, Domg(Li) is a shuffle subalgebra of C{(X)) and so
are the Dompg/(Li).

@ R+~ Domg(Li) is strictly decreasing for R €]0, 1].

@ All Domg(Li) and Domy,c(Li) are shuffle subalgebras of C{(X)) and
Ty (Domyoc (1)) is a stuffle subalgebra of C{(Y)).

Q Let T(z) = > n>0 anz" be a Taylor series i.e. such that
limsupy_s 4 oo \aNll/N B < +00, then the series

S — Z an(— +)|_u N (7)

N>0

is summable in C{(X)) (with sum in C{(x1))) and S € Domg(Li) with
R = gi; and Lis = T(z2).
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Theorem A/2

© Let S € Domg(Li) and S =3 -, Sn (homogeneous decomposition),

we define? N — H, (s)(N) by

Moreover, for all r €]0, R[, we have

> Hay syl < +oo,
n,N>0

in particular, for all N € N the series (of complex numbers)
> >0 Hay(s,) (V) converges absolutely to Hy, (s)(N).

“This definition is compatible with the old one when S is a polynomial.

(8)
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Theorem A/3

O Conversely, let Q € C(Y)) with @ =>_ -, @, (decomposition by
weights), we suppose that it exists r €]0, 1] such that

> He,(N)r"] < +00 (10)
n,N>0

in particular, forall N € N, > - Hgq,(N) ={(N) € C
unconditionally.

Under such circumstances, mx(Q) € Dom,(Li) and, for all |z| < r

=) Um:z", (11)

N>0

L15

v

V.C. Bui, G.H.E. Duchamp, Hoang Ngoc Min  Une théorie locale des polylogarithmes. JNCF'19, 4-8 Février 2019 13 /24



Figure: Jacques Hadamard and Paul Montel.
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Continuing the ladder

(C(X), w, 1x-) —2* & C{Liy}wex-

[ o 1

(CX), w, 1x ) (—0)*, 4] —=— Cz{Liw}wex-

[ , 1

C(X) s 2 (gl s C () 225 Co{Lin hex-

A

C(X) ®c C™{(x0)) ®c C™*((x1))

We have, after a theorem by Leopold Kronecker,

) = {5} eem (12)

Q(0)#0
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On the right: freeness without monodromy

Theorem (Deneufchatel, GHED,Minh & Solomon, 2011 [1])

Let (A, D) be a k-commutative associative differential algebra with unit and C be
a differential subfield of A (i.e. 9(C) C C). We suppose that k = ker(0) and that

S € A(X)) is a solution of the differential equation
d(S)=MS; (S|1)=1with M=) ux € C{X)
xeX

(i.e. M is a homogeneous series of degree 1)
The following conditions are equivalent :

© The family ((S | w))wex~ of coefficients of S is (linearly) free over C.

@ The family of coefficients ((S | X))xexu{ix-} is (linearly) free over C.
© The family (ux)xex is such that, for f € C et ax € k

Zaxux (Vx € X)(ax =0).

xeX

(13)
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A useful property

[mathoverflow Fuseione | e | vere | auige | oo |

Independence of characters with respect to polynomials

| came across the following property :

5 Let g be a Lie algebra over a ring k without zero divisors,
U = U(g) be its enveloping algebra. As such, U is a Hopf algebra and €, its counit, is the only

character of / — k which vanishes on g.
SetU, = ker(e). We build the following filtrations (N > 1)
1 Uy =u¥ =u,....u. (1)

N times

and
Uy = Uy = {f €U |(Vu € Uni1)(f(u) =0)}  (2)

the first one is decreasing and the second one increasing. One shows easily that (with © as the
convolution product)

Uy oUy; CUy.,
so that U, = Up=1U,, is a convolution subalgebra of 2/*.

Now, we can state the

Theorem : The set of characters of (4, . , 1) is linearly free w.rt. U3, .

asked 1 month ago
viewed 106 times

FEATURED ON META

Revisiting the "Hot Network Questions™
feature, what are our shared goals for

Who cut the cheese?

Responsive design released for all Beta &
Undesigned sites

Related

What does the generating function
z/(1— e*) count

Is there a canonical Hopf structure on the
center of a universal enveloping algebra?

Do stunied exponential seres gve praectons
of a cocommutative bialgebra on its coradical
fivaion

quantum groups... not via presentations.

3 How aunitary corepresentation of a Hopf C*-
algebra, deals with the antipode?

14 Rialoehras with Honf rectricted (or Sweedien
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Left and then right: the arrow Liﬁl)

i. The family {x§,x;} is algebraically independent over (C(X), s, 1x+)
within (C{X )™, i, 1x+).

i (C(X),w, 1x+)[x5, xi, (—x0)*] is a free module over C(X), the family
() k(o) I}(kJ)erN is a C(X)-basis of it.

iii. As a consequence, {w w(x¢)> K w(x) '} wex= is a C-basis of it.
(k,1)EZXN

- LilY is the unique morphism from (C(X), w, 1x+)[xg, (—x0)*, x{] to
H(K) such that

=

x5 =z, (=x0)" =z tand x; — (1—2)7!

m(LilY) = Cz{Lin bwex+.
vi. ker(Li{") is the (shuffle) ideal generated by x¢ v xi — xi + 1x-.
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Sketch of the proof (pictorial)

(w, =k, 1) (w, —k+1,1)|(w,k—1,1) (w, k, 1)
/

(w, —k, | — 1)
(o k —1,1— 1)

—k

»
>

Figure: Rewriting mod J of {ww (5¢)™ % w(x)™ ez renwex--
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Concluding remarks

@ Extending the domain of polylogarithms to (some) rational series
permits the projection of rational identities. Such as

(ax)"'w(By)" = (ax + By)*

@ The theory developed here allows to pursue, for the Harmonic sums,
this investigation such as

(ayi)" w (By;)" = (ayi + By + aByi+))”

@ More in Minh's talk.
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Figure: ...

and a lot of (machine) computations.
[} = =
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