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Hilbert’s 16th problem (second part)

For a given integer n, what is the maximum number H(n) of limit cycles a
polynomial vector field of degree at most n in the plane can have?

D. Hilbert, International Congress of Mathematicians, Paris, 1900

m 1923: P. Dulac (incorrectly) proved that a
single polynomial vector field has a finite .
number of limit cycles

m 1981: Y. S. II'Yashenko found a major gap in
Dulac’s proof

m 1991: New proofs of Dulac's result by Y. S.
II'Yashenko and J. Ecalle

But even H(2) < oo is open!

Some lower bounds: H(2) > 4, H(3) > 13, -
H(4) > 22.

We prove #(4) > 24.
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Lo . (g(nefn(y),y) . g(xrigm(Y),y)) ¥ -11
Ymin Xiefe (¥) Xeight (¥) VrE=(y2-1. 1)2
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09<r(=vh) <11
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Computing Abelian Integrals #f.l. y

;;t@*r Qx

09<r(=vh) <11

r r
Xmin = 0.9 - — Xmax = 0.9 + —
" 7 =
11- - 11+~
Xmin = 1.1 — —= Xmax = 1. —_—
min \/i ma: \/i
, : Yor () = V1.1 + /72— (2 0.0)2
T
ydown( )=\/1.1* sz( 2*0.9)2
W O@ | xere(v) = /0.9 - /72— (2 _1.1)2
xignt (1) = /0.9 + /72— (2 L.1)?
> 0

A . . | B M e xmax [ (X, Yup (X)) _ &(X, Ydown (X))
CQ Z(h) = ﬁ:-l(h) y d [x.nax ( Yop (X) Yedown (X) )

s fymax gCuign (¥), y)(y* - 1.1)
vmin  Xight (¥)\/r? = (y2 = 1.1)2
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Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] xRy is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.
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Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e. . : : ; —

Example: sup-norm over [-1,1]:

fe(P,e)=|f(t)-P(t)|[<e Vte[-1,1]

A New Lower Bound on H(4)



Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.

-1 1

Example: sup-norm over [-1,1]: Example:
/() = F(2) + g(1)
fe(P,e) < |f(t)-P(t)|<e Vte[-1,1]

Some elementary operations:
m (Pe)+(Qn)=(P+Q,e+n),
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Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.

-1 1

Example: sup-norm over [-1,1]: Example:
r(t) = () + g(t) - h(t)
fe(Pe)=|f(t)-P(t)|<e Vte[-1,1]

Some elementary operations:
B (P,e)+(Qn):=(P+Q,e+n),
u (Pve) - (Qﬂ?) = (P_ Qa5+77)1
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Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.

-1 1

Example: sup-norm over [-1,1]: Example
f(f) k(e)(f(t) +g(t) - h(t))
fe(P,e)=|f(t)-P(t)|[<e Vte[-1,1]

Some elementary operations:
B (P,e)+(Q,n):=(P+Q,e+n),
= (Pe)-(Qn):=(P-Q,e+n),
B (P,e)-(Qn) = (PQ,|Q|n +|Ple +ne)
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Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.

-1 1

Example: sup-norm over [-1,1]: Example:

fe(P,e) e |f(t)-P(t)<e Vte[-1,1] r(t)=[0 k() (F(s) + () = h(s))ds

Some elementary operations:
B (P,e)+(Q,n):=(P+Q,e+n),
B (P,e)-(Qn):=(P-Q,e+n),
B (P,e)-(Qn) = (PQ,[Qln+IP[e +ne)
m [y(Pe):= (fot P(s)ds,e)
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Rigorous Polynomial Approximations

Definition

A pair (P,e) e R[X] x Ry is a rigorous
polynomial approximation (RPA) of f for a
given norm | - || if |[f - P| <e.

-1 1

Example: sup-norm over [-1,1]: Example:

fe(P,e) e |f(t)-P(t)<e Vte[-1,1] r(t)=[0 k() (F(s) + () = h(s))ds

Some elementary operations:
B (P,e)+(Q,n):=(P+Q,e+n),
B (P,e)-(Qn):=(P-Q,e+n),
B (P,e)-(Qn) = (PQ,[Qln+IP[e +ne)
m [y(Pe):= (fot P(s)ds,e)

A New Lower Bound on H(4)
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» Fixed-point equation T - ¢ = ¢ with T contracting,
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» Compute a posteriori error bounds with Banach theorem.

A New Lower Bound on H(4)



& + Y
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» Fixed-point equation T - ¢ = ¢ with T contracting,
General scheme  » Approximation ¢° to exact solution ¢*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of ratio A < 1,
» T admits a unique fixed-point *, and
» For all ¢° € X,

d((poiT'(pO) o x d(Q(’o,T'S@O)
——= < d(p°, {——=.
T+ (% ¢7) 1-x
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Banach Fixed-Point Theorem for A Posteriori Validation R f o
e O “r x

» Fixed-point equation T - ¢ = ¢ with T contracting,
General scheme  » Approximation ¢° to exact solution ¢*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of ratio A < 1,
» T admits a unique fixed-point *, and
» For all ¢° € X,

d((poiT'(pO) o x d(Q(’o,T'S@O)
——= < d(p°, {——=.
T+ (% ¢7) 1-x

» Newton's method = reformulate F - ¢ =0 as T - ¢ = ¢ with:

T 9o=¢-A-F-op,
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Banach Fixed-Point Theorem for A Posteriori Validation R f o
e O “r x

» Fixed-point equation T - ¢ = ¢ with T contracting,
General scheme  » Approximation ¢° to exact solution ¢*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of ratio A < 1,
» T admits a unique fixed-point *, and

» For all ¢° € X,

d((poiT'(pO) o x d(Q(’o,T'S@O)
——=<d s S——/—————.
T+ (% ¢7) 1-x

» Newton's method = reformulate F - ¢ =0 as T - ¢ = ¢ with:
-1
T -p=¢p-A-F-p, Aw~(DF(y°))

and check T is contracting.
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Banach Fixed-Point Theorem for A Posteriori Validation R f o
e O “r x

» Fixed-point equation T - ¢ = ¢ with T contracting,
General scheme  » Approximation ¢° to exact solution ¢*,
» Compute a posteriori error bounds with Banach theorem.

Banach Fixed-Point Theorem

If (X,d) is complete and T contracting of ratio A < 1,
» T admits a unique fixed-point *, and

» For all ¢° € X,

d(@oiT'@o) o x d(vo)T'vo)
——=<d s S——/—————.
T+ (% ¢7) 1-x

» Newton's method = reformulate F - ¢ =0 as T - ¢ = ¢ with:
-1
T -p=¢p-A-F-p, Aw~(DF(y°))
and check T is contracting.

» Applications to numerous function space problems.

A New Lower Bound on H(4)



Division of RPAs

» Approximation °(x) of ¢* = x?/ygown(x) using Chebyshev interpolation:
0.8 T T T T

0.75
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Division of RPAs

» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T

o
0.5 - L -
0.6 0.7 0.8 0.9 1 1.1 1.2 0.6 0.7 0.8 0.9 1 1.1 12
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» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T
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» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:
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Division of RPAs

» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T

b U?} 0‘7 0.8 0.9 i \‘l l“ 02 0‘7 UZ& 0.9 i 1‘! I“
» Newton-like operator T with unique fixed point ¢* m
own

T‘szﬂa_qﬁs’()/downcp_x2) P(x) = I/Ydown(x)
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Division of RPAs

» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T

5 U?} 0‘7 0.8 0.9 i \‘l l“ 02 ‘ 0‘7‘ UZ& U“J i l‘l l“

» Newton-like operator T with unique fixed point ¢* m
I 2 /

T‘SD:SO—TF’(YdownSD—X ) P(x) = I/Ydown(x)

» Is T contracting?
[DT] =1 - ¥Ydownl = A < 1
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Division of RPAs

» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T

rU?} 0‘7 0.8 0.9 i \‘l l“ 02 ‘ 0‘7‘ U; U‘U i 1‘! I“
» Newton-like operator T with unique fixed point ¢* m
; 2 |
T‘SD:SO—TF’(YdownSD—X ) P(x) = I/Ydown(x)
» Is T contracting?
[DT] =1 - ¥Ydownl = A < 1
» Apply the Banach fixed-point theorem:

H(Po -T- LPOH = H'l/’(}/down‘PO _X2)H <N
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Division of RPAs

» Approximation Lp°(x) of " =x /)/down (x) usmg Chebyshev interpolation:

0.8 T T T T T T T T

rU?} 0‘7 0.8 0.9 i \‘l l“ 02 ‘ 0‘7‘ U; U‘U i 1‘! I“
» Newton-like operator T with unique fixed point ¢* m
; 2 |
T‘SD:SO—TF’(YdownSD—X ) P(x) = I/Ydown(x)
» Is T contracting?
[DT] =1 - ¥Ydownl = A < 1
» Apply the Banach fixed-point theorem:

le® =T 0| = [ (Yaowne® = x| <n = [ —¢" | <n/(1-A)=c"

A New Lower Bound on H(4)



Square Root of a RPA

» ©°(x) m\/F(x) where f(x) = 0.8 - (x? - 0.9)2.
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Square Root of a RPA

» ©°(x) m\/F(x) where f(x) = 0.8 - (x? - 0.9)2.
> pF = VF unique fixed point of:

Top-p- S -1)  b0) =1 (x) ~ IVFG)
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Square Root of a RPA

» ©°(x) m\/F(x) where f(x) = 0.8 - (x? - 0.9)2.
> pF = V/f unique fixed point of:

T'so=sof%(902*f) P(x) 5 1/¢° (x) » 1/\/F(x)

» Is T contracting?

IDT ()] = [1-vell < (1=t [+ p=°|
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Square Root of a RPA

» 0°(x) % \/F(x) where f(x) = 0.8 - (x* - 0.9)°.
> = V/f unique fixed point of:

Top=p- (=) 600~ 1/ ()~ IVFG)

» Is T contracting?

A= sup [DT(p)| <1-v®| +]eb]r
o= l<r

1.5

0.5
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Square Root of a RPA

» 0°(x) % \/F(x) where f(x) = 0.8 - (x* - 0.9)°.
> = V/f unique fixed point of:

Top=p- (=) 600~ 1/ ()~ IVFG)

» Is T contracting? » Stable neighborhood for °:
A= sup [DT(p)| < [1-ve°|+|e]r le® =T |+ Ar<r
le=e®l<r

1.5 T T T T

A New Lower Bound on H(4)



Square Root of a RPA

» 0°(x) % \/F(x) where f(x) = 0.8 - (x* - 0.9)°.
> = V/f unique fixed point of:

Top=p- (=) 600~ 1/ ()~ IVFG)

» Is T contracting? » Stable neighborhood for °:

A= e IPT@ISI=wel+ Wl o2y r(n - we] + [el) < r

15 T T T T 15 T T
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Square Root of a RPA

» 0°(x) % \/F(x) where f(x) = 0.8 - (x* - 0.9)°.
> = V/f unique fixed point of:

Top=p- (=) 600~ 1/ ()~ IVFG)

» Is T contracting? » Stable neighborhood for °:

A= e IPT@ISI=wel+ Wl o2y r(n - we] + [el) < r

15 T T T T 15 T T

0.5

0 ¢ ¢ ¢ I 0 i it i I
0 0.2 0.4 0.6 0.8 1 0 0.2 0.4 0.6 0.8 1

T T

» Apply the Banach fixed-point theorem!
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Rigorous Computation of an Abelian Integral

Using Degree N =10

» /0.8 - (x ,_0'9)2:

107
T

b
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Rigorous Computation of an Abelian Integral

Using Degree N =10

0.8-(x2-0.9)2:

10" ‘ ‘ ‘
S
0
T |

y 1‘ ]“Z
> Yedown (X) = \/11 08— (x2-0.9)%

10-°
l,7777777777777777777777777777777777777777777777777777777771 777777777777777777777777777 ‘7,
(l\M/\/\/\
S |

D‘G 018 i 1“2
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Rigorous Computation of an Abelian Integral

Using Degree N =10

0.8-(x2-0.9)2:

10" ‘ ‘ ‘
L
0
N Y. |
y 1‘ ]“Z
> Yedown (X) = \/1 1-/08- (x2-09)2:
10-°
l,7777777777777777777777777777777777777777777777777777777771 777777777777777777777777777 ‘7,
f.m/\/\/\/\
S |
D‘G 0‘8 | 1“2
> X /Ydown(X) =X /Ydown(X) \/1 1-1/0.8~-(x2-0.9)%
107t
sl B
0\/\—/—\—/——’\/_\_/
—0.5 4
b — Lt 5
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T
0 | (x1077) N =80 |
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Wronskian and extended Chebyshev systems
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Wronskian and Extended Chebyshev Systems #
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m (fo,f1,...,fn) extended Chebyshev system if all combination agfy + -+ + «;fi has
at most i zeros, for 0 <i < n.
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Wronskian and Extended Chebyshev Systems #
v & O (’L "rf

m (fo,f1,...,fn) extended Chebyshev system if all combination agfy + -+ + «;fi has
at most i zeros, for 0 <i < n.

m < Wo(x),..., Ws(x) 0 for all x:

h()  AG) . ()
wisy-| B0 T
) P00 .. (D%
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;;t@*r

m (fo,f1,...,fn) extended Chebyshev system if all combination agfy + -+ + «;fi has
at most i zeros, for 0 <i < n.

m < Wo(x),..., Ws(x) 0 for all x:

h()  AG) . ()
Wiy =| B0 AR O
RN O AL N ALY 69

m If Wy(x),..., Who1(x) =0 for all x and W, has a single zero
= agfg + -+ apfy, has at most n+ 1 zeros.
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Wronskian and Extended Chebyshev Systems #
v & O (’L "rf

(fo, f1,...,f) extended Chebyshev system if all combination agfy +--- + c;f; has
at most i zeros, for 0 <i < n.

m < Wo(x),..., Ws(x) 0 for all x:
() A0) ... fil9)
weo=| KO A )
) 00 o ()

If Wo(x),..., Wh1(x) =0 for all x and W, has a single zero
= agfg + -+ apfy, has at most n+ 1 zeros.

m In our case, Wy, Wy, Wh, W3 never vanish on small ovals and W does once.
= at most 5 zeros on small ovals.
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Wronskian and Extended Chebyshev Systems #
v & O (’L "rf

(fo, f1,...,f) extended Chebyshev system if all combination agfy +--- + c;f; has
at most i zeros, for 0 <i < n.

m < Wo(x),..., Ws(x) 0 for all x:
() A0) ... fil9)
weo=| KO A )
) 00 o ()

If Wo(x),..., Wh1(x) =0 for all x and W, has a single zero
= agfg + -+ apfy, has at most n+ 1 zeros.

m In our case, Wy, Wy, Wh, W3 never vanish on small ovals and W does once.
= at most 5 zeros on small ovals.

m but no rigorous proof!
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f(x,y)dy - g(x,y)dx _ f(x,y) g(x,y)
ﬁ:h S - fsth (axiy +0, B2 )dxdy
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ﬁ h f(x, y)dyyg(x ,y)dx ffRz( LA PN g(ny))lth(x,yv h)dxdy
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Creative Telescoping for Abelian Integrals # f
v & O (’L ol

ﬁ:h f(x, y)dyyg(x ,y)dx ffRz( LA PN g(Xy y))lth(x,yv h)dxdy

[] 8xw + 8),@ satisfies a holonomic system (= PDEs with polynomial

coefficients)
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Creative Telescoping for Abelian Integrals # f
v & O (’L ol

ﬁ:h f(x, y)dyyg(x ,y)dx ffRz( LA PN g(Xy y))lth(x,yv h)dxdy

[] 8xw + 8),@ satisfies a holonomic system (= PDEs with polynomial
coefficients)

m Hence, so does (8xf(XT’y) + 3yg(XT’y)) 1 H(x,y,h).

A New Lower Bound on H(4)



Creative Telescoping for Abelian Integrals # f y

ctﬁof’L"r

§ oty -stondx r (, f <X 2 g(fy ) 1, w(x, . Bdxdy

y

[] 8XM + 8,859 satisfies a holonomic system (= PDEs with polynomial
y Yoy

coefficients)
m Hence, so does (8X“X7’y) + 8yg(XT*y>) 1,_n(x,y,h).
m By creative telescoping, one finds a differential equation for Z(h).

Di ffEq(4, 0]
[-1281° x0® + 336 h* x0* - 288 n® x0° + 80 h” x6° - 64 h° vo® 480 h* x0” V6 - 800 h® Xo* Y0’ + 464 h’ x6° vo© - 80 hxe°® vo© +
144 h* vo* - 544 h® x0” vo* . 576 h* x0 ¥o* - 176 h x0° vo* - 96 h® va® . 208 h” xe” vo® - 112 hxe* ve® . 16 h vo® - 16 hxo” Yo® | of «
[~648 h* x6? 1632 h® x0* - 1392 h? xe® . 406 hxe® - 326 h* vo? . 1976 h® x0? vo? - 2848 h? xe* vo? . 1408 h xo° ve? - 166 xe® ve? .
480 h® vo* ~ 1520 h? Xe? ve* + 1392 hxo® vo' 352 xe® vo® - 192 h? v0° 416 hx0? vo© - 224 x0" vo© .32 hve® - 32 xe” ve©) b +
[-ase v x0? <1188 h* x0* - 1020 h x0® + 315 x@® - 240 h° vo” . 1080 h” xe” vo” - 1512 h xe* vo” + 660 X0° vo” +

180 h” ve* - 540 h xo” ve . 378 x0* vo* - 48 h vo® . 36 xe” v0® . 3ve® | D}

(X0=0.9, Yy =1.1)
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Creative Telescoping for Abelian Integrals # f + y

@ x

Singularities - ¥ W (<o) (% r

m Rigorous Polynomial Approximations at ordinary points!

LF. Bréhard, N. Brisebarre, M. Joldes. Validated and Numerically Efficient Chebyshev Spectral Methods for
Linear Ordinary Differential Equations. ACM Transactions on Mathematical Software (TOMS), 2018.
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Creative Telescoping for Abelian Integrals

Singularities e % O [ 8 J’IQ x

m Rigorous Polynomial Approximations at ordinary points!

m But singularities!

DiffEq(0,0): order - 3, leading coefficient - 16h (h-xe*| [h-ve’| (h-xo’ - vo’|

[-xe* - ahve” - 2xe’ vo’ - vo*|

DiffEq(2,01: order - 3, leading coefficient - -16h [h-x0?| (h-vo®| (h-xe”-ve?| (2h-xe® - ve?|
DiffEq4,0): order - 4, leading coefficient - -16h [h-x0?| (h-ve?| [h-xe? - ve?| (8hxe? -5x6® - 4hvo® - 6xe” ve? - v6°|
DiffEq(8,2): order - 3, leading coefficient - —16h [h-xe’| (h-ve®| [h-xe’ - ve’| (2h-xe’ - ve’|

DiffEq(2,2): order - 4, leading coefficient - -16h [h-x0?| (h-v0?| [h-xe® - ve?| (4hxe” - 3xe® - 2x0? v - vo*|

DiffEQ[0

4): order - 4, leading coefficient - 16h (h-xe”| [n-ve?| [h-xo? - vo?| [xe" - ahve’ - 20’ ve? - 3vo*|

LF. Bréhard, N. Brisebarre, M. Joldes. Validated and Numerically Efficient Chebyshev Spectral Methods for
Linear Ordinary Differential Equations. ACM Transactions on Mathematical Software (TOMS), 2018.
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Creative Telescoping for Abelian Integrals # f + y

0 x

Singularities - ¥ W (<o) (% r

m Rigorous Polynomial Approximations at ordinary points!
m But singularities!

DiffEq(0,0): order - 3, leading coefficient - 16h (h-xe”) [h-ve’| (h-xo” - ve®| [-xe* - 4hve’ - 2xe’ va’ - vo*|

DiffEq(2,01: order - 3, leading coefficient - -16h [h-xo?| (h-vo?®| | | (2n-x0® - vo?|

DiffEq[4

8): order - 4, leading coefficient - -16h [h-xe?| | (8hxo® - 5x8" - 4hve? - 6 xo? vo? - vo®|

DiffEq(8,2): order - 3, leading coefficient - —16h [h-xe’| (h-ve®| [h-xe’ - ve’| (2h-xe’ - ve’|

DiffEq2

2): order - 4, leading coefficient - -16h [h-X0?| (h-vo?) {anxe® - 3xe® - 2x0? vo? - vo*|

DiffEQ[8,4): order - 4, leading coefficient - 16h (h-x0| (h-ve?| (h-xe” - ve?| [xo® - 4hve? - 2xe® vo? -3 ve"|

® Analyticat h=0
= Initial conditions with Laplace transform

LF. Bréhard, N. Brisebarre, M. Joldes. Validated and Numerically Efficient Chebyshev Spectral Methods for
Linear Ordinary Differential Equations. ACM Transactions on Mathematical Software (TOMS), 2018.
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Creative Telescoping for Abelian Integrals # f + y

Singularities e % O [ 8 I 0 x

m Rigorous Polynomial Approximations at ordinary points!
m But singularities!

DiffEq(0,0): order - 3, leading coefficient - 16h (h-xe”) [h-ve’| (h-xo” - ve®| [-xe* - 4hve’ - 2xe’ va’ - vo*|

DiffEq(2,01: order - 3, leading coefficient - -16h [h-x0?| (h-vo®| (h-xe”-ve?| (2h-xe® - ve?|

DiffEq4,0): order - 4, leading coefficient - -16h [h-x0?| (h-ve?| [h-xe? - ve?| (8hxe? -5x6® - 4hvo® - 6xe” ve? - v6°|

DiffEq(8,2): order - 3, leading coefficient - —16h [h-xe’| (h-ve®| [h-xe’ - ve’| (2h-xe’ - ve’|

DiffEq2

2): order - 4, leading coefficient - -16h [h-x0?| (h-¥o?| [h-x0’ - vo?| (4hxo’ - 3xe* - 2x0” vo* - vo'|

DiffEQ[8,4): order - 4, leading coefficient - 16h (h-x0| (h-ve?| (h-xe” - ve?| [xo® - 4hve? - 2xe® vo? -3 ve"|

® Analyticat h=0
= Initial conditions with Laplace transform

m log singularities at h = Xg
= Other rigorous approximation tools.

LF. Bréhard, N. Brisebarre, M. Joldes. Validated and Numerically Efficient Chebyshev Spectral Methods for
Linear Ordinary Differential Equations. ACM Transactions on Mathematical Software (TOMS), 2018.
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m A rigorous proof of #(4) > 24.

m Exploring properties of the Wronskian using symbolic-numeric tools and Creative
Telescoping.
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Conclusion and Future Work #f y

;;t@*r Qx

m A rigorous proof of #(4) > 24.

Exploring properties of the Wronskian using symbolic-numeric tools and Creative
Telescoping.

m Ongoing work: formal proof in COQ, with D. Pous.

= Ongoing work: Rigorous uniform approximation of Abelian integrals.
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o+
Conclusion and Future Work #f y

;;t@*r Qx

m A rigorous proof of #(4) > 24.

Exploring properties of the Wronskian using symbolic-numeric tools and Creative
Telescoping.

m Ongoing work: formal proof in COQ, with D. Pous.
= Ongoing work: Rigorous uniform approximation of Abelian integrals.

m Future work: Generalization to other systems?
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